








Preface

Sag’ ich zum Augenblicke 
verweile doch, Du bist so schön 
J.W. v. Goethe, „Faust“ 

An old dream of mankind and a sign of culture is the conservation of moments by 
taking an image of the world around. Pictures accompany the development of 
mankind. However, a picture is the two-dimensional projection of the three-
dimensional world. The perspective – recognized in Europe in the Middle Ages – 
was a first approach to overcome the difficulties of imaging close to reality. It 
took up to the twentieth century to develop a real three-dimensional imaging: Ga-
bor invented in 1948 holography. Yet still one thing was missing: the phase of the 
object wave could be reconstructed optically but not be measured directly. The 
last huge step to the complete access of the object wave was Digital Holography. 
By Digital Holography the intensity and the phase of electromagnetical wave 
fields can be measured, stored, transmitted, applied to simulations and manipu-
lated in the computer: An exciting new tool for the handling of light. 

We started our work in the field of Digital Holography in 1990. Our motivation 
mainly came from Holographic Interferometry, a method used with success for 
precise measurement of deformation and shape of opaque bodies or refractive in-
dex variations within transparent media. A major drawback of classical HI using 
photographic plates was the costly process of film development. Even thermoplas-
tic films used as recording medium did not solve the hologram development prob-
lem successfully. On the other hand the Electronic Speckle Pattern Interferometry 
(ESPI) and it derivate digital shearography reached a degree mature for applica-
tions in industry. Yet, with these speckle techniques the recorded images are only 
correlated and not reconstructed as for HI. Characteristic features of holography 
like the possibility to refocus on other object planes in the reconstruction process 
are not possible with speckle metrology. 

Our idea was to transfer all methods of classical HI using photographic plates 
to Digital Holography. Surprisingly we discovered, that Digital Holography offers 
more possibilities than classical HI: The wavefronts can be manipulated in the 
numerical reconstruction process, enabling operations not possible in optical holo-
graphy. Especially the interference phase can be calculated directly from the holo-
grams, without evaluation of an interference pattern. 

The efficiency of Digital Holography depends strongly on the resolution of the 
electronic target used to record the holograms. When we made our first experi-
ments in the nineties of the last century Charged Coupled Devices begun to re-
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place analogue sensors in cameras. The resolution of commercially available cam-
eras was quite low, about some hundred pixels per line, and the output signal of 
cameras already equipped with CCD's was still analogue. In those days digital 
sampling of camera images and running of routines for numerical hologram re-
construction was only possible on special digital image processing hardware and 
not, as today, on ordinary PC's. The reconstruction of a hologram digitized with 
512  512 pixels took about half an hour in 1991 on a Digital Image Processing 
unit developed at BIAS especially for optical metrology purposes. Nevertheless 
we made our first experiments with this type of cameras. Today numerical recon-
struction of holograms with 1 million pixel is possible nearly in real time on state 
of the art PC's. 

Then fully digital CCD cameras with 1 million pixels and smaller pixels than 
those of the previous camera generation emerged on the market. These cameras 
showed better performance and first applications in optical metrology became 
possible. Today digital CCD cameras with 4 million pixels are standard.  

The tremendous development in opto-electronics and in data processing pushed 
Digital Holography to new perspectives: It is applied with success in optical de-
formation and strain analysis, shape measurement, microscopy and for investiga-
tions of flows in liquids and gases. In this book we make the trial to describe the 
principles of this method and to report on the various applications. We took pains 
to prepare the manuscript carefully and to avoid mistakes. However, we are not 
perfect. Comments, suggestions for improvements or corrections are therefore 
welcome and will be considered in potential further editions. 

Some pictures in this book originate from common publications with other co-
authors. All of our co-workers, especially W. Osten, Th. Kreis, D. Holstein, S. 
Seebacher, H.-J. Hartmann and V. Kebbel are gratefully acknowledged. 



Contents

Preface ...................................................................................................................V

Contents..............................................................................................................VII

1 Introduction ........................................................................................................1

2 Fundamental Principles of Holography............................................................5
2.1 Light Waves.................................................................................................5
2.2 Interference ..................................................................................................8
2.3 Coherence ..................................................................................................10

2.3.1 General ...............................................................................................10
2.3.2 Temporal Coherence ..........................................................................10
2.3.3 Spatial Coherence...............................................................................13

2.4 Diffraction..................................................................................................15
2.5 Speckles .....................................................................................................18
2.6 Holography ................................................................................................21

2.6.1 Hologram Recording and Reconstruction ..........................................21
2.6.2 The Imaging Equations ......................................................................23

2.7 Holographic Interferometry .......................................................................26
2.7.1 Generation of Holographic Interferograms ........................................26
2.7.2 Displacement Measurement by HI .....................................................29
2.7.3 Holographic Contouring.....................................................................31
2.7.4 Refractive Index Measurement by HI ................................................35
2.7.5 Phase Shifting HI................................................................................37
2.7.6 Phase Unwrapping..............................................................................38

3 Digital Holography ...........................................................................................41
3.1 General Principles......................................................................................41
3.2 Numerical Reconstruction .........................................................................44

3.2.1 Reconstruction by the Fresnel Approximation ...................................44
3.2.2 Reconstruction by the Convolution Approach ...................................52
3.2.3 Digital Fourier Holography ................................................................55

3.3 Separation of Virtual Image, Real Image and DC-term.............................56
3.3.1 Suppression of the DC term ...............................................................56
3.3.2 Spatial Separation of Images ..............................................................57



VIII      Contents 

3.3.3 Phase Shifting Digital Holography..................................................... 59
3.4 Recording of Digital Holograms................................................................ 61

3.4.1 Charged-Coupled Devices.................................................................. 61
3.4.2 Spatial Frequency Requirements........................................................ 64
3.4.3 CCD’s for Digital Hologram Recording ............................................ 65
3.4.4 Recording Set-ups .............................................................................. 66
3.4.5 Stability Requirements ....................................................................... 69

4 Digital Holographic Interferometry (DHI) .................................................... 71
4.1 General Principles...................................................................................... 71
4.2 Deformation Measurement ........................................................................ 73

4.2.1 Quantitative Displacement Measurement........................................... 73
4.2.2 Mechanical Materials Properties ........................................................ 76
4.2.3 Thermal materials properties.............................................................. 82
4.2.4 Non-Destructive Testing .................................................................... 85

4.3 Shape Measurement................................................................................... 86
4.3.1 Two-Illumination-Point Method ........................................................ 86
4.3.2 Two- and Multi-Wavelength Method................................................. 88
4.3.3 Hierarchical Phase Unwrapping......................................................... 90

4.4 Measurement of Refractive Index Variations ............................................ 92

5 Digital Holographic Microscopy ..................................................................... 95
5.1 Direct Method............................................................................................ 95
5.2 Phase Shifting Digital Holographic Microscopy ....................................... 98

6 Special Techniques and Applications ........................................................... 101
6.1 Applications using Short Coherence Length Light.................................. 101

6.1.1 Light-in-Flight Measurements.......................................................... 101
6.1.2 Short-Coherence Tomography ......................................................... 106

6.2 Particle Distribution Measurements......................................................... 107
6.3 Endoscopic Digital Holography............................................................... 111
6.4 Optical Reconstruction of Digital Holograms ......................................... 114
6.5 Comparative Digital Holography............................................................. 116

6.5.1 Fundamentals of Comparative Holography...................................... 116
6.5.2 Comparative Digital Holography ..................................................... 117

6.6 Encrypting of Information with Digital Holography ............................... 120
6.7 Synthetic Apertures ................................................................................. 122

7 Speckle Metrology .......................................................................................... 125
7.1 Electronic Speckle Pattern Interferometry (ESPI) ................................... 125
7.2 Digital Shearography............................................................................... 129
7.3 Digital Speckle Photography ................................................................... 133
7.4 Comparison of Conventional HI, ESPI and Digital HI............................ 134

Appendices ......................................................................................................... 141
A The Fourier Transform............................................................................... 141



      IX 

A1 Definitions ...........................................................................................141
A2 Properties.............................................................................................142
A3 The Discrete Fourier Transform..........................................................143

B Phase Transformation of a Spherical Lens.................................................145
B1 Lens Transmission Function................................................................145
B2 Correction of Aberrations ....................................................................147

References ..........................................................................................................151

Index ...................................................................................................................161

 Contents



1 Introduction 

Dennis Gabor invented holography in 1948 as a method for recording and recon-
structing amplitude and phase of a wave field [37, 38, 39]. He created the word 
holography from the Greek words 'holos' meaning whole or entire and 'graphein' 
meaning to write. 

A holographically stored image or hologram is the photographically or other-
wise recorded interference pattern between a wave field scattered from the object 
and a coherent background named reference wave. It is usually recorded on a flat 
surface, but contains the information about the entire three-dimensional wave 
field. This information is coded in form of interference stripes, usually not visible 
for the human eye due to the high spatial frequencies. The object wave can be re-
constructed by illuminating the hologram with the reference wave again. This 
reconstructed wave is by passive means indistinguishable from the original object 
wave. An observer recognizes a three-dimensional image with all effects of 
perspective and depth of focus. 

Gabor illuminated in his original set-up the hologram by a parallel beam 
through the mostly transparent object. Therefore the axes of both the object wave 
and the reference wave were parallel. The reconstruction of this hologram results 
in the real image superimposed by the undiffracted part of the reconstruction wave 
and the so called ‘twin image’ (or virtual image) laying on the optical axis, i.e. in-
line. Significant improvements of this in-line holography were made by Leith and 
Upatnieks, who introduced an off-axis reference wave [91, 92]. Their set-up sepa-
rates the two images and the reconstruction wave spatially. 

One major application of holography is Holographic Interferometry (HI), de-
veloped in the late sixties of the last century by Stetson, Powell [127, 151] and 
others. HI made it possible to map the displacements of rough surfaces with an 
accuracy of a fraction of a micrometer. It also enabled interferometric 
comparisons of stored wave fronts existing at different times. 

The development of computer technology allowed to transfer either the re-
cording process or the reconstruction process into the computer. The first ap-
proach led to Computer Generated Holography (CGH), which generates artificial 
holograms by numerical methods. Afterwards these computer generated holo-
grams are reconstructed optically. This technique is not considered here, the inter-
ested reader is referred to the literature, see e.g. Lee [90], Bryngdahl and Wy-
rowski [11] or Schreier [140]. 

Numerical hologram reconstruction was initiated by Goodman and Lawrence 
[42] and by Yaroslavskii, Merzlyakov and Kronrod [81]. They sampled optically 
enlarged parts of in-line and Fourier holograms recorded on a photographic plate. 
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These digitized conventional' holograms were reconstructed numerically. Onural 
and Scott improved the reconstruction algorithm and applied this method for par-
ticle measurement [106, 93, 105]. Haddad et al. described a holographic micro-
scope based on numerical reconstruction of Fourier holograms [46]. 

A big step forward was the development of direct recording of Fresnel holo-
grams with Charged Coupled Devices (CCD's) by Schnars and Jüptner [130, 131]. 
This method enables now full digital recording and processing of holograms, 
without any photographic recording as intermediate step. The name which has 
been originally proposed for this technique was 'direct holography' [130], 
emphasizing the direct way from optical recording to numerical processing. Later 
on the term Digital Holography has been accepted in the optical metrology com-
munity for this method. Although this name is sometimes also used for Computer 
Generated Holography, Digital Holography is used within the scope of this book 
as a designation for digital recording and numerical reconstruction of holograms. 

Schnars and Jüptner applied Digital Holography to interferometry and demon-
strated that digital hologram reconstruction offers much more possibilities than 
conventional (optical) processing: The phases of the stored light waves can be cal-
culated directly from the digital holograms, without generating phase shifted inter-
ferograms [128, 129]. Other methods of optical metrology, such as shearography 
or speckle photography, can be derived numerically from Digital Holography 
[132]. Thus one can choose the interferometric technique (hologram interferome-
try, shearography or other techniques) after hologram recording by mathematical 
methods.  

The use of electronic devices such as CCD's for recording of interferograms 
was already established in Electronic Speckle Pattern Interferometry (ESPI, also 
named TV-holography), discovered independently from each other by Butters and 
Leendertz [12], Macovski, Ramsey and Schaefer [96] and Schwomma [141]: Two 
speckle interferograms are recorded in different states of the object under investi-
gation. The speckle patterns are subtracted electronically. The resulting fringe pat-
tern has some similarities to that of conventional or digital HI. Main differences 
are the speckle appearance of the fringes and the loss of phase in the correlation 
process [29, 94, 95]. The interference phase has to be recovered with phase shift-
ing methods [19, 152, 153], requiring additional experimental effort (phase shift-
ing unit). Digital Holographic Interferometry and ESPI are competing methods: 
The image subtraction in ESPI is easier than the numerical reconstruction of Digi-
tal Holography, but the information content of digital holograms is higher. ESPI 
and other methods of speckle metrology are also discussed in this book in order to 
compare them with Digital Holographic Interferometry. 

Since mid nineties of the last century Digital Holography has been extended, 
improved and applied to several measurement tasks. Important steps are: 

improvements of the experimental techniques and of the reconstruction algo-
rithm [21, 23, 24, 27, 28, 33, 43, 44, 66, 68, 72-76, 85, 98, 104, 116, 120, 121, 
124, 134-136, 139, 148, 167, 175], 
applications in deformation analysis and shape measurement [18, 59, 70, 109, 
110, 119, 133, 138, 142, 143, 163, 180], 
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the development of phase shifting digital holography [30, 45, 54, 62, 86, 146, 
165, 171-174, 178, 179], 
applications in imaging, particle tracking and microscopy [5, 6, 7, 22, 32, 55, 
65, 67, 77, 114, 122, 123, 137, 158, 159, 160, 168, 169], 
measurement of refractive index distributions within transparent media due to 
temperature or concentration variations [31, 63, 64, 115, 166], 
applications in encrypting of information [56, 84, 155, 156], 
the development of digital light-in-flight holography and other short-coherence-
length applications [13, 61, 101-103, 117, 126], 
the combination of digital holography with heterodyne techniques [88, 89] 
the development of methods to reconstruct the three-dimensional object struc-
ture from digital holograms [34, 35, 57, 97, 157, 177] 
the development of comparative Digital Holography [111, 112] 
the use of a Digital Mirror Device (DMD) for optical reconstruction of digital 
holograms (DMD) [78]. 
This book is structured as follows: Optical foundations and the basic principles 

of holography are discussed in chapter 2. The third chapter describes the process 
of digital hologram recording and the various methods of numerical reconstruc-
tion. Digital Holographic Interferometry is discussed in chapter 4. The fifth chap-
ter is devoted to Digital Holographic Microscopy. Special applications and tech-
niques like short coherence recording, particle field applications and comparative 
holography are described in chapter 6. In the last chapter 7 speckle metrology 
techniques are discussed and compared with Digital Holographic Interferometry. 
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2.1 Light Waves

Light can be described as an electromagnetic wave or as a current of particles 
called photons. The model to be referred to depends on the experiment under in-
vestigation. Both models contradict each other, but are necessary to describe the 
full spectrum of light phenomena. Interaction of light with the atomic structure of 
matter is described by quantum optics, the theory dealing with photons. Refrac-
tion, diffraction and interference are perfectly described by the wave model, which 
is based on the theory of classical electromagnetism. 

Interference and diffraction form the basis of holography. The appropriate the-
ory is therefore the wave model. The oscillating quantities are the electric and the 
magnetic fields. The field amplitudes oscillate perpendicularly to the propagation 
direction of light and perpendicularly to each other, i.e. light waves are transverse 
phenomena. Light waves can be described either by the electrical or by the mag-
netic field. 

Light propagation is described by the wave equation, which follows from 
Maxwell equations. The wave equation in vacuum is 
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Here E  is the electric field and 2  is the Laplace operator defined as 
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c is the speed of light in vacuum: 

smc 299792458 (2.3) 

The electrical field E  is a vector quantity, which means it could vibrate in any 
direction, which is perpendicular to the light propagation. However, in many ap-
plications the wave vibrates only in a single plane. Such light is called linear po-
larized light. In this case it is sufficient to consider the scalar wave equation 
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where the light propagates in z-direction. 
It could be easily verified that a linearly polarized, harmonic plane wave de-

scribed by 

0cos,,, rktatzyxE (2.5) 

is a solution of the wave equation. 
E(x,y,z,t) is the modulus of the electrical field vector at the point with spatial 

vector zyxr ,,  at the time t. The quantity a is named amplitude. The wave 

vector k describes the propagation direction of the wave: 

nkk (2.6) 

n  is a unit vector in propagation direction. Points of equal phase are located on 
parallel planes that are perpendicular to the propagation direction. The modulus of 
k named wave number is calculated by 

2kk (2.7) 

The angular frequency  corresponds to the frequency f of the light wave by 

f2 (2.8) 

Frequency f and wavelength  are related by the speed of light c:

fc (2.9) 

The spatially varying term 

0rk (2.10) 

is named phase, with phase constant 0 . It has to be pointed out that this defi-
nition is not standardized. Some authors designate the entire argument of the co-
sine function, 0rkt , as phase. The definition Eq. (2.10) is favourable to 
describe the holographic process and therefore used in this book. 

The vacuum wavelengths of visible light are in the range of 400 nm (violet) to 
780 nm (deep red). The corresponding frequency range is Hz14105.7 to 

Hz14108.3 . Light sensors as e. g. the human eye, photodiodes, photographic 
films or CCD's are not able to detect such high frequencies due to technical and 
physical reasons. The only directly measurable quantity is the intensity. It is pro-
portional to the time average of the square of the electrical field: 
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t
 stands for the time average over many light periods. The constant factor 

c0  results if the intensity is formally derived Maxwell equations. The constant 

0  is the vacuum permittivity. 
For a plane wave Eq. (2.5) has to be inserted: 

2
00

22
0 2

1cos carktcaI
t

(2.12) 

According to Eq. (2.12) the intensity is calculated by the square of the ampli-
tude. 

The expression (2.5) can be written in complex form as 

0expRe,,, rktiatzyxE (2.13) 

where 'Re' denotes the real part of the complex function. For computations this 
'Re' can be omitted. However, only the real part represents the physical wave: 

0exp,,, rktiatzyxE (2.14) 

One advantage of the complex representation is that the spatial and temporal 
parts factorize: 

tiiatzyxE expexp,,, (2.15) 

In many calculations of optics only the spatial distribution of the wave is of in-
terest. In this case only the spatial part of the electrical field, named complex am-
plitude, has to be considered: 

iazyxA exp,, (2.16) 

The equations (2.15) and (2.16) are not just valid for plane waves, but in gen-
eral for three-dimensional waves whose amplitude a and phase  may be functions 
of x, y and z.

In complex notation the intensity is now simply calculated by taking the square 
of the modulus of the complex amplitude 

2
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1 caAcAAcI (2.17) 

where * denotes the conjugate complex. In many practical calculations where the 
absolute value of I is not of interest the factor c021  can be neglected, which 

means the intensity is simply calculated by 2AI .
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2.2 Interference 

The superposition of two or more waves in space is named interference. If each 
single wave described by trEi ,  is a solution of the wave equation, also the su-
perposition 

i
i trEtrE ,,      ,...2,1i (2.18) 

is a solution, too. This is because the wave equation is a linear differential 
equation. 

In the following interference of two monochromatic waves with equal frequen-
cies and wavelengths is considered. The waves must have the same polarization 
directions, i. e. the scalar formalism can be used. The complex amplitudes of the 
waves are 

111 exp,, iazyxA (2.19) 

222 exp,, iazyxA (2.20) 

The resulting complex amplitude is then calculated by the sum of the individual 
amplitudes: 

21 AAA (2.21) 

According to Eq. (2.17) the intensity becomes 
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I1, I2 being the individual intensities and 

21 (2.23) 

The resulting intensity is the sum of the individual intensities plus the interfer-
ence term cos2 21II , which depends on the phase difference between the 
waves. The intensity reaches its maximum in all points to which applies 

n2       for n=0,1,2,… (2.24) 

This is called constructive interference. The intensity reaches its minimum 
where 

12n      for n=0,1,2,… (2.25) 
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This is named destructive interference. The integer n is the interference order. 
An interference pattern consists of dark and bright fringes as a result of construc-
tive and destructive interference. The scalar theory applied here can also be used 
for waves with different polarization directions, if components of the electric field 
vector are considered. 

The superposition of two plane waves which intersect under an angle  with re-
spect to each other result in an interference pattern with equidistant spacing, figure 
2.1. The fringe spacing d is the distance from one interference maximum to the 
next and can be calculated by geometrical considerations. Figure 2.1 shows evi-
dently that 

d
l1

1sin       ;       
d
l2

2sin (2.26) 

The quantities 1  and 2  are the angles between the propagation directions of 
the wavefronts and the vertical of the screen. The length 2l  is the path difference 
of wavefront W2 with respect to wavefront W1 at the position of the interference 
maximum P1 (W2 has to travel a longer way to P1 than W1). At the neighboring 
maximum P2 the conditions are exchanged: Now W1 has to travel a longer way; 
the path difference of W2 with respect to W1 is 1l . The variation between the 
path differences at neighboring maxima is therefore 21 ll . This difference is 
equal to one wavelength. Thus the interference condition is: 

21 ll (2.27) 

Combining Eq. (2.26) with (2.27) results to: 

2
cos

2
sin2sinsin 212121

d (2.28) 

The approximation 12cos 21  and 21  gives: 

2
sin2

d (2.29) 

Instead of the fringe spacing d the fringe pattern can also be described by the 
spatial frequency f, which is the reciprocal of d:

2
sin21df (2.30) 
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d
P1 P2

W1 W2

1

l1
l2

Fig. 2.1. Interference of two plane waves  

2.3 Coherence 

2.3.1 General 

Generally the resulting intensity of two different sources, e. g. two electric light 
bulbs directed on a screen, is additive. Instead of dark and bright fringes as ex-
pected by Eq. (2.22) only a uniform brightness according to the sum of the indi-
vidual intensities becomes visible.  

In order to generate interfere fringes the phases of the individual waves must be 
correlated in a special way . This correlation property is named coherence and is 
investigated in this chapter. Coherence is the ability of light to interfere. The two 
aspects of coherence are the temporal and the spatial coherence. Temporal coher-
ence describes the correlation of a wave with itself at different instants [71]. Spa-
tial coherence depicts the mutual correlation of different parts of the same wave-
front. 

2.3.2 Temporal Coherence 

The prototype of a two beam interferometer is the Michelson-interferometer, see 
figure 2.2. Light emitted by the light source S is split into two partial waves by the 
beam splitter BS. The partial waves travel to the mirrors M1 respectively M2, and 
are reflected back into the incident directions. After passing the beam splitter 
again they are superimposed at a screen. Usually the superimposed partial waves 
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are not exactly parallel, but are interfering with a small angle. As a result a two-
dimensional interference pattern becomes visible. 

�����
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Fig. 2.2. Michelson’s interferometer 

The optical path length from BS to M1 and back to BS is s1, the optical path 
length from BS to M2 and back to BS is s2. Experiments prove that interference 
can only occur if the optical path difference 21 ss  does not exceed a certain 
length L. If the optical path difference exceeds this limit, the interference fringes 
vanish and just an uniform brightness becomes visible on the screen. The qualita-
tive explanation for this phenomenon is as follows: Interference fringes can only 
develop if the superimposed waves have a well defined (constant) phase relation. 
The phase difference between waves emitted by different sources vary randomly 
and thus the waves do not interfere. The atoms of the light source emit wave trains 
with finite length L. If the optical path difference exceeds this wave train length, 
the partial waves belonging together do not overlap after passing the different 
ways and interference is not possible. 

The critical path length difference or, equivalently, the length of a wave train is 
named coherence length L. The corresponding emission time for the wave train 

c
L (2.31) 

is called coherence time.
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According to the laws of Fourier analysis a wave train with finite length L cor-
responds to light with finite spectral width f:

f
cL (2.32) 

Light with long coherence length is called highly monochromatic. The coher-
ence length is therefore a measure for the spectral width. 

Typical coherence lengths of light radiated from thermal sources, e. g. ordinary 
electric light bulbs, are in the range of some micrometers. That means, interfer-
ence can only be observed if the arms of the interferometer have nearly equal 
lengths. On the other hand lasers have coherence lengths from a few millimetres 
(e. g. a multi-mode diode laser) to several hundred meters (e. g. a stabilized single 
mode Nd:YAG-laser) up to several hundred kilometres for specially stabilized gas 
lasers used for research purposes. 

The visibility  

minmax

minmax

II
IIV

(2.33) 

is a measure for the contrast of an interference pattern. Imax and Imin are two 
neighbouring intensity maxima and minima. They are calculated by inserting 

0 , respectively into Eq. (2.22). In the ideal case of infinite coher-
ence length the visibility is therefore 

21

212
II
II

V
(2.34) 

To consider the effect of finite coherence length the complex self coherence
( ) is introduced: 

T

T
T

dttEtE
T

tEtE

*

*

2
1lim

(2.35) 

E(t) is the electrical field (to be precise: the complex analytical signal) of one 
partial wave while E(t+ ) is the electrical field of the other partial wave. The latter 
is delayed in time by . Eq. (2.35) is the autocorrelation of E. The normalized 
quantity 

0
(2.36) 

defines the degree of coherence. 
With finite coherence length the interference equation (2.22) has to be replaced 

by 
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cos2 2121 IIIII (2.37) 

Maximum and minimum intensity are now calculated by 

2121min

2121max

2

2

IIIII

IIIII (2.38) 

Inserting these quantities into Eq. (2.33) gives 

21

212
II
II

V
(2.39) 

For two partial waves with the same intensity, 21 II , Eq. (2.39) becomes 

V (2.40) 

 is equal to the visibility and therefore a measure of the ability of the two 

wave fields to interfere. 1  describes ideally monochromatic light or, likewise, 

light with infinite coherence length. 0  is true for completely incoherent light. 

Partially coherent light is described by 10 .

2.3.3 Spatial Coherence 

Spatial coherence describes the mutual correlation of different parts of the same 
wavefront. This property is measured with the Young interferometer, figure 2.3. 
An extended light source emits light from different points. Possible interferences 
are observed on a screen. An aperture with two transparent holes is mounted be-
tween light source and screen. Under certain conditions, which will be derived in 
this chapter, interferences are visible on the screen. The fringes result from light 
rays which travelled on different ways to the screen, either via the upper or via the 
lower hole in the aperture [164]. The interference pattern vanishes if the distance 
between the holes a exceeds the critical limit ak. This limit is named coherence 
distance. The phenomenon is not related to the spectral width of the light source, 
but has following cause: The waves emitted by different source points of the ex-
tended light source are superimposed on the screen. It may happen, that a special 
source point generates an interference maximum at a certain point on the screen, 
while another source point generates a minimum at the same screen point. This is 
because the optical path length is different for light rays emerging from different 
source points. In general the contributions from all source points compensate 
themselves and the contrast vanishes. This compensation is avoided if following 
condition is fulfilled for every point of the light source: 
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Fig. 2.3. Young’s interferometer 

212 rr (2.41) 

This condition is definitely fulfilled, if it is kept for the edges of the light 
source. The following relations are valid for points at the edges:  

2
22

1 2
haRr      ;     

2
22

2 2
haRr

(2.42) 

h is the width of the light source. Using of the assumptions Ra  and 
Rh  results to 

R
ahrr
212

(2.43) 

Combining Eq. (2.41) and (2.43) leads to following expression: 

22R
ah (2.44) 

The coherence distance is therefore: 

22R
hak (2.45) 

In contrast to temporal coherence the spatial coherence depends not only on 
properties of the light source, but also on the geometry of the interferometer. A 
light source may initially generate interference, which means Eq. (2.44) is ful-
filled. If the distance between the holes increases or the distance between the light 
source and the aperture decreases, Eq. (2.44) becomes violated and the interfer-
ence figure vanishes. 

To consider spatial coherence the autocorrelation function defined in Eq. (2.35) 
is extended: 
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1r , 2r  are the spatial vectors of the holes in the aperture of the Young interfer-
ometer. This function is named cross correlation function. The normalized func-
tion is 

0,,0,,
,,,,

2211

21
21 rrrr

rrrr (2.47) 

where 0,, 11 rr  is the intensity at 1r  and 0,, 22 rr  is the intensity at 2r . Eq. 
(2.47) describes the degree of correlation between the light field at 1r  at time t
with the light field at 2r  at time t. The special function 0,, 21 rr  is a measure 
for the correlation between the field amplitudes at 1r  and 2r  at the same time and 
is named complex degree of coherence. The modulus of the normalized coherence 
function ,, 21 rr  is measured with the Young interferometer. 

2.4 Diffraction 

A light wave which hits an obstacle is considered. This might be an opaque screen 
with some transparent holes, or vice versa, a transparent medium with opaque 
structures. From geometrical optics it is known that the shadow becomes visible 
on a screen behind the obstacle. By closer examination, one finds that this is not 
strictly correct. If the dimensions of the obstacle (e. g. diameter of holes in an 
opaque screen or size of opaque particles in a transparent volume) are in the range 
of the wavelength, the light distribution is not sharply bounded, but forms a pat-
tern of dark and bright regions. This phenomenon is named diffraction.

Diffraction can be explained qualitatively with the Huygens' principle:
Every point of a wavefront can be considered as a source point for secondary 

spherical waves. The wavefront at any other place is the coherent superposition of 
these secondary waves. 

Huygens' principle is graphically explained in figure 2.4. 
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Fig. 2.4. Huygens’ principle 

The Fresnel-Kirchhoff integral describes diffraction quantitatively [69]: 

Qdxdy
i

yxAi
2exp

,,

(2.48) 

with 

222 dyx (2.49) 

and

coscos
2
1Q (2.50) 

A(x,y) is the complex amplitude in the plane of the bending aperture, see coor-
dinate system defined in figure 2.5. ( ’, ’) is the field in the observation plane. 

’ stands for the distance between a point in the aperture plane and a point in the 
observation plane. Eq. (2.48) can be understood as the mathematical formulation 
of Huygens' principle:  

The light source S lying in the source plane with coordinates ( , ) radiates 
spherical waves. A(x,y) is the complex amplitude of such a wave in the aperture 
plane. At first an opaque aperture with only one hole at the position (x,y) is con-
sidered. Such a hole is now the source for secondary waves. The field at the posi-
tion ( ’, ’) of the diffraction plane is proportional to the field at the entrance side 
of the aperture A(x,y) and to the field of the secondary spherical wave emerging 
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from (x,y), described by '2exp i . Now the entire aperture as a plane 
consisting of many sources for secondary waves is considered. The entire resulting 
field in the diffraction plane is therefore the integral over all secondary spherical 
waves, emerging from the aperture plane. 

The Huygens' principle would allow that the secondary waves not only propa-
gate in the forward direction, but also back into the direction of the source. Yet, 
the experiment demonstrates that the wavefronts always propagate in one direc-
tion. To exclude this unphysical situation formally the inclination factor Q defined 
in Eq. (2.50) is introduced in the Fresnel-Kirchhoff integral. Q depends on the an-
gle  between the incident ray from the source and the unit vector n  perpendicu-
lar to the aperture plane, and on the angle ' between the bended ray and n , see 
figure 2.6. Q is approximately zero for 0  and . This prevents waves 
travelling into the backward direction. In most practical situations both  and '
are very small and 1Q . The inclination factor can be considered as an ad hoc 
correction to the diffraction integral, as done here, or be derived in the formal dif-
fraction theory [69, 41]. 

Other authors use a "+" sign in the argument of the exponential function of the 
Fresnel-Kirchhoff integral ( ...2exp,..., iyxA ) instead of the 
"-" sign used here. This depends on the definition of a harmonic wave in Eq. 
(2.14), which can be defined either as iexp  or iexp . However, using the 
"+" sign in Eq. (2.48) leads to the same expressions for all measurable quantities, 
as e.g. the intensity and the magnitude of the interference phase used in Digital 
Holographic Interferometry. 

Diffraction
plane

y
x '

'

z

d

'

Aperture
plane

Source
plane

S

Fig. 2.5. Coordinate system 
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2.5 Speckles 

A rough surface illuminated with coherent light appears grainy for an observer. 
The intensity of the light scattered by the surface fluctuates randomly in space, 
dark and bright spots appear. These spots are named speckles, forming the entire 
image called speckle pattern, figure 2.7. A speckle pattern develops if the height 
variations of the rough surface are larger than the wavelength of the light. 

Speckles result from interference of light scattered by the surface points. The 
phases of the waves scattered by different surface points fluctuate statistically due 
to the height variations. If these waves interfere with each other, a stationary 
speckle pattern develops. 

It can be shown that the probability density function for the intensity in a 
speckle pattern obeys negative exponential statistics [40]: 

I
I

I
dIIP exp1 (2.51) 

dIIP  is the probability that the intensity at a certain point is lying between I
and dII . I is the mean intensity of the entire speckle field.  The most prob-
able intensity value of a speckle is therefore zero, i. e. most speckles are black. 
The standard deviation I  is calculated by 

II (2.52) 

That means the intensity variations are in the same order as the mean value. A 
usual definition of the contrast is 

I
V I (2.53) 

The contrast of a speckle pattern is therefore always unity. 
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Fig. 2.7. Speckle pattern 

One can distinguish between objective and subjective speckle formation. An 
objective speckle pattern develops on a screen, located in a distance z from the il-
luminated surface, figure 2.8. There is no imaging system between surface and 
screen. The size of a speckle in an objective speckle pattern can be estimated us-
ing the spatial frequency formula Eq. (2.30). The two edge points of the illumi-
nated surface form the highest spatial frequency: 

z
Lf

2
sin2 max

max
(2.54) 

The reciprocal of fmax is a measure for the speckle size: 

L
zdSp

(2.55) 

A subjective speckle pattern develops if the illuminated surface is focussed 
with an imaging system, e. g. a camera lens or the human eye, figure 2.9. In this 
case the speckle diameter depends on the aperture diameter a of the imaging sys-
tem. The size of a speckle in a subjective speckle pattern can be estimated again 
using the spatial frequency: 

b
af

2
sin2 max

max

(2.56) 

b is the image distance of the imaging system. It follows for the speckle size: 

a
bdSp

(2.57) 

The speckle size can be increased by closing the aperture of the imaging sys-
tem.  
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Fig. 2.9. Subjective speckle formation 
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2.6 Holography 

2.6.1 Hologram Recording and Reconstruction 

Holograms are usually recorded with an optical set-up consisting of a light source 
(laser), mirrors and lenses for beam guiding and a recording device, e. g. a photo-
graphic plate. A typical set-up is shown in figure 2.10 [47, 71]. Light with suffi-
cient coherence length is split into two partial waves by a beam splitter (BS). The 
first wave illuminates the object. It is scattered at the object surface and reflected 
to the recording medium. The second wave - named reference wave - illuminates 
the light sensitive medium directly. Both waves interfere. The interference pattern 
is recorded, e.g. by chemical development of the photographic plate. The recorded 
interference pattern is named hologram. 

The original object wave is reconstructed by illuminating the hologram with the 
reference wave, figure 2.11. An observer sees a virtual image, which is indistin-
guishable from the original object. The reconstructed image exhibits all effects of 
perspective and depth of focus. 

The holographic process is described mathematically using the formalism of 
chapter 2.2. The complex amplitude of the object wave is described by 

yxiyxayxE OOO ,exp,, (2.58) 

with real amplitude Oa  and phase O .

yxiyxayxE RRR ,exp,, (2.59) 

is the complex amplitude of the reference wave with real amplitude Ra  and 
phase R .

Both waves interfere at the surface of the recording medium. The intensity is 
calculated by 

yxEyxEyxEyxEyxEyxEyxEyxE

yxEyxEyxEyxE

yxEyxEyxI

ORROOORR

RORO

RO

,,,,,,,,

,,,,

,,,

****

*

2 (2.60) 

The amplitude transmission yxh ,  of the developed photographic plate (or of 
other recording media) is proportional to I(x,y):

yxIhyxh ,, 0 (2.61) 
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Fig. 2.11. Hologram reconstruction 

The constant  is the slope of the amplitude transmittance versus exposure 
characteristic of the light sensitive material. For photographic emulsions  is nega-
tive.   is the exposure time and h0 is the amplitude transmission of the unexposed 
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plate. h(x,y) is named hologram function. In Digital Holography using CCD's as 
recording medium h0 can be neglected. 

For hologram reconstruction the amplitude transmission has to be multiplied 
with the complex amplitude of the reconstruction (reference) wave: 

yxEyxEyxEayxEaah

yxhyxE

ORORROR

R

,,,,

,,
*2222

0

(2.62) 

The first term on the right side of this equation is the reference wave, multiplied 
by a factor. It represents the undiffracted wave passing the hologram (zero diffrac-
tion order). The second term is the reconstructed object wave, forming the virtual 
image. The real factor 2

Ra  only influences the brightness of the image. The 
third term generates a distorted real image of the object. For off-axis holography 
the virtual image, the real image and the undiffracted wave are spatially separated. 

The reason for the distortion of the real image is the spatially varying complex 
factor 2

RE , which modulates the image forming conjugate object wave *
OE . An 

undistorted real image can be generated by using the conjugate reference beam 
*

RE  for reconstruction:  

yxEyxEyxEayxEaah

yxhyxE

ORORROR

R

,,,,

,,
2**2*22

0

* (2.63) 

2.6.2 The Imaging Equations 

The virtual image appears at the position of the original object if the hologram is 
reconstructed with the same parameters like those used in the recording process. 
However, if one changes the wavelength or the coordinates of the reconstruction 
wave source point with respect to the coordinates of the reference wave source 
point used in the recording process, the position of the reconstructed image moves. 
The coordinate shift is different for all points, thus the shape of the reconstructed 
object is distorted. The image magnification can be influenced by the reconstruc-
tion parameters, too.  

The imaging equations relate the coordinates of an object point O with that of 
the corresponding point in the reconstructed image. These equations are quoted 
here without derivation, because they are needed to explain specific techniques 
such as Digital Holographic Microscopy. An exact derivation can be found in [47, 
71]. 
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Fig. 2.12. Coordinate system used to describe holographic reconstruction 

The coordinate system is shown in figure 2.12. OOO zyx ,,  are the coordinates 
of the object point O, RRR zyx ,,  are the coordinates of the source point of the 
reference wave used for hologram recording and PPP zyx ,,  are the coordinates 
of the source point of the reconstruction wave. 12  denotes the ratio be-
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tween the recording wavelength 1 and the reconstruction wavelength 2 . The co-
ordinates of that point in the reconstructed virtual image, which corresponds to the 
object point O, are: 

OPRPRO

OPRRPOROP

zzzzzz
zzxzzxzzxx1

(2.64) 

OPRPRO

OPRRPOROP

zzzzzz
zzyzzyzzyy1

(2.65) 

OPRPRO

ROP

zzzzzz
zzzz1

(2.66) 

The coordinates of that point in the reconstructed real image, which corre-
sponds to the object point O, are: 

OPRPRO

OPRRPOROP

zzzzzz
zzxzzxzzxx2

(2.67) 
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(2.69) 

An extended object can be considered to be made up of a number of point ob-
jects. The coordinates of all surface points are described by the above mentioned 
equations. The lateral magnification of the entire virtual image is depicted: 

1

0
1

1,
111
RPO

lat zz
z

dx
dxM

(2.70) 

The lateral magnification of the real image results in: 
1

0
2
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dx
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(2.71) 

The longitudinal magnification of the virtual image is given by: 

2
1,

1
1,

1
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O
long M

dz
dzM (2.72) 

The longitudinal magnification of the real image is: 
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There is a difference between real and virtual image to be mentioned: Since the 
real image is formed by the conjugate object wave O*, it has the curious property 
that its depth is inverted. Corresponding points of the virtual image (which coin-
cide with the original object points) and of the real image are located at equal dis-
tances from the hologram plane, but at opposite sides of it. The background and 
the foreground of the real image are therefore exchanged. The real image appears 
with the “wrong perspective”. It is called a pseudoscopic image, in contrast to a 
normal or orthoscopic image. 

2.7 Holographic Interferometry 

2.7.1 Generation of Holographic Interferograms 

Holographic Interferometry (HI) is a method to measure optical path length varia-
tions, which are caused by deformations of opaque bodies or refractive index 
variations in transparent media, e.g. fluids or gases [113]. HI is a non-contact, 
non-destructive method with very high sensitivity. Optical path changes up to one 
hundredth of a wavelength are resolvable. 

Two coherent wave fields, which are reflected in two different states of the ob-
ject, interfere. This is achieved e.g. in double-exposure holography by the re-
cording of two wave fields on a single photographic plate, figure 2.13. The first 
exposure represents the object in its reference state, the second exposure repre-
sents the object in its loaded (e. g. deformed) state. The hologram is reconstructed 
by illumination with the reference wave, figure 2.14. As a result of the superposi-
tion of two holographic recordings with slightly different object waves only one 
image superimposed by interference fringes is visible, see example in figure 2.15. 
From this holographic interferogram the observer can determine optical path 
changes due to the object deformation or other effects. 

In the real time technique the hologram is replaced - after processing - in ex-
actly the recording position. When it is illuminated with the reference wave, the 
reconstructed virtual image coincides with the object. Interference patterns caused 
by phase changes between the holographically reconstructed reference object 
wave and the actual object wave are observable in real time.  
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Fig. 2.13. Recording of a double exposed hologram 
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Fig. 2.15. Holographic interferogram 

The following mathematical description is valid for the double exposure and for 
the real time technique. The complex amplitude of the object wave in the initial 
state is: 

yxiyxayxE ,exp,,1 (2.74) 

yxa ,  is the real amplitude and yx,  the phase of the object wave. 
Optical path changes due to deformations of the object surface can be described 

by a variation of the phase from  to + .  stands for the difference between 
the reference and the actual phase. It is called interference phase. The complex 
amplitude of the actual object wave is therefore denoted by 

yxyxiyxayxE ,,exp,,2 (2.75) 

The intensity of a holographic interference pattern is described by the square of 
the sum of the complex amplitudes. It is calculated as follows: 

cos12

,
2

*
2121

2
21

a

EEEEEEyxI (2.76) 

The general expression for the intensity within an interference pattern is there-
fore: 

yxyxByxAyxI ,cos,,, (2.77) 

The parameters yxA ,  and yxB ,  depend on the coordinates in the interfero-
gram.  

In practice these parameters are not known due to several disturbing effects: 
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The object is illuminated by an expanded laser beam having a gaussian profile. 
The brightness of the holographic interferogram varies accordingly. 
The interferogram is superimposed by a high frequency speckle noise. 
Dust particles in the optical path result in diffraction patterns. 
The surface of the object under investigation may have a varying reflectivity in-
fluencing the brightness and visibility of the interferogram. 
Electronic recording and transmission of holographic interferograms generates 
additional noise. 
Eq. (2.77) describes the relation between the intensity of the interference pat-

tern and the interference phase, which contains the information about the physical 
quantity to be measured (object displacement, refractive index change or object 
shape). In general it is not possible to calculate  directly from the measured in-
tensity, because the parameters A(x,y) and B(x,y) are not known. In addition the 
cosine is an even function (cos30°=cos-30°) and the sign of  is not determined 
unambiguously. Therefore several techniques have been developed to determine 
the interference phase by recording additional information. The most common 
techniques are the various phase shifting methods, which are briefly discussed in 
chapter 2.7.5. 

2.7.2 Displacement Measurement by HI 

In this chapter a relation between the measured interference phase and the dis-
placement of the object surface under investigation is derived [71, 147]. The geo-
metric quantities are explained in figure 2.16. The vector zyxd ,,  is called dis-
placement vector. It describes the shift of a surface point from its initial position 
P1 to the new position P2 due to deformation. 1s  and 2s  are unit vectors from the 

illumination source point S to P1, resp. P2. 1b  and 2b  are unit vectors from P1 to 
the observation point B, resp. from P2 to B. The optical path difference between a 
ray from S to B via P1 and a ray from S to B via P2 is: 

BPbSPsBPbSPs

BPSPBPSP

22221111

2211
(2.78) 

The lengths 2/1SP  and BP 2/1  are in the range of meter, while d  is in the range 

of several micrometers. The vectors 1s  and 2s  can therefore be replaced by a unit 
vector s  pointing into the bisector of the angle spread by 1s  and 2s :

sss 21 (2.79) 

1b  and 2b  are accordingly replaced by a unit vector b   pointing into the bisec-

tor of the angle spread by 1b  and 2b :
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bbb 21
(2.80) 

The displacement vector zyxd ,,  is given by: 

BPBPd 21
(2.81) 

and

12 SPSPd (2.82) 

Inserting Eq. (2.79) to (2.82) into (2.78) gives: 

dsb (2.83) 

The following expression results for the interference phase: 

Szyxdsbzyxdyx ,,,,2, (2.84) 

The vector 

sbS 2 (2.85) 

is called sensitivity vector. The sensitivity vector is only defined by the geome-
try of the holographic arrangement. It gives the direction in which the set-up has 
maximum sensitivity. At each point the projection of the displacement vector onto 
the sensitivity vector is measured. Eq. (2.84) is the basis of all quantitative meas-
urements of the deformation of opaque bodies.  

In the general case of a three dimensional deformation field Eq. (2.84) contains 
the three components of d as unknown parameters. Three interferograms of the 
same surface with linear independent sensitivity vectors are necessary to deter-
mine the displacement. In many practical cases not the three dimensional dis-
placement field is of interest, but the deformation perpendicular to the surface. 
This out-of-plane deformation can be measured using an optimised set-up with 
parallel illumination and observation directions ( 2,0,02S ). The compo-
nent dz is then calculated from the interference phase by 

4zd (2.86) 

A phase variation of 2  corresponds to a deformation of /2.
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Fig. 2.16. Calculation of the interference phase 

2.7.3 Holographic Contouring 

Another application of HI is the generation of a fringe pattern corresponding to 
contours of constant elevation with respect to a reference plane. Such contour 
fringes can be used to determine the shape of a three-dimensional object. 

Holographic contour interferograms can be generated by different methods. In 
the following the 

two-wavelength method and the 
two-illumination-point method 

are described. A third method, the two-refractive-index technique, has less practi-
cal applications and is not considered here. 

The principal set-up of the two-wavelength method is shown in figure 2.17. A 
plane wave illuminates the object surface . The back scattered light interferes with 
the plane reference wave at the holographic recording medium. In the set-up of 
figure 2.17 the illumination wave is reflected onto the object surface via a beam 
splitter in order to ensure parallel illumination and observation directions. Two 
holograms are recorded with different wavelengths 1  and 2  on the same photo-
graphic plate. This can be done either simultaneously using two lasers with differ-
ent wavelengths or in succession changing the wavelength of a tuneable laser, e. g. 
a dye laser. After processing the double exposed hologram is replaced and recon-
structed with only one of the two wavelengths, say 2 . Two virtual images be-
come visible. The image recorded with 2  coincides with the object surface. The 
other image, recorded with 1  but reconstructed with 2 , is slightly distorted. The 
z-coordinate of this image z' is calculated with the imaging equation (2.66): 
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The indices "1" for virtual image ( zz1 ) and "O" for object ( zzO ) are 
omitted and it is assumed not to change the source coordinates of the reconstruc-
tion wave with respect to those of the recording coordinates ( RP zz ). The 
axial displacement of the image recorded with 1  but reconstructed with 2  with 
respect to the image recorded and reconstructed with 2  is therefore: 

2

21zzzz
(2.88) 

The path difference of the light rays on their way from the source to the surface 
and from the surface to the hologram is z2 . The corresponding phase shift is: 

21

21

1

422, zzyx
(2.89) 

The two shifted images interfere. According to Eq. (2.89) the phase shift de-
pends on the distance z from the hologram plane. All points of the object surface 
having the same z-coordinate (height) are therefore connected by a contour line. 
As a result an image of the surface superimposed by contour fringes develops.  

The height jump between adjacent fringes is: 

22
221

21

21nznzH (2.90) 
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2121  is called synthetic wavelength or equivalent wavelength.
The object is intersected by parallel planes which have a distance of H , see 

the principle in figure 2.18 and typical example in figure 2.19. 

Contour
lines

Planes of
constant phase

Fig. 2.18. Object intersection by contour lines 

Fig. 2.19. Two-wavelength contour fringes 
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The equations derived in this chapter are valid only for small wavelength dif-
ferences, because in addition to the axial displacement (which generates contour 
lines) also a lateral image displacement occurs. This lateral displacement can be 
neglected for small wavelength differences. 

The principle of the two-illumination-point method is to make a double expo-
sure hologram in which the point source illuminating the object is shifted slightly 
between the two exposures. If the illumination point S is shifted to S' between the 
two exposures (figure 2.20), the resulting optical path length difference   is: 

PSsSPs

PSSPPBPSPBSP

'

''

21

(2.91) 

The unit vectors 1s  and 2s  are defined as for the derivation of the interference 
phase due to deformation in chapter 2.7.2. The same approximation is used and 
these vectors are replaced by a common unit vector: 

sss 21 (2.92) 

Furthermore 

PSSPp ' (2.93) 

is introduced as a vector from S to S'. The optical path difference is then given 
by 

sp (2.94) 

The corresponding phase change is: 

sp2 (2.95) 

The object surface is intersected by fringes which consist of a set of hyperbol-
oids. Their common foci are the two points of illumination S and S'. If the dimen-
sions of the object are small compared to the distances between the source points 
and the object, plane contouring surfaces result. A collimated illumination to-
gether with a telecentric imaging system also generates plane contouring surfaces. 
The distance between two neighbouring surfaces is 

2
sin2

H (2.96) 

where  is the angle between the two illumination directions. Eq. (2.96) is ana-
logue to the fringe spacing in an interference pattern formed by two intersecting 
plane waves, see Eq. (2.29) in chapter 2.2. 
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2.7.4 Refractive Index Measurement by HI 

Another application of HI is the measurement of refractive index variations within 
transparent media. This mode of HI is used to determine temperature or concentra-
tion variations in fluid or gaseous media.  

A refractive index change in a transparent medium causes a change of the opti-
cal path length and thereby a phase variation between two light waves passing the 
medium before and after the change. The interference phase due to refractive in-
dex variations is given by: 

dznzyxnyx
l

l

2

1

0,,2,
(2.97) 

where n0 is the refractive index of the medium under observation in its initial, un-
perturbed state and n(x,y,z) is the final refractive index distribution. The light 
passes the medium in z-direction and the integration is taken along the propaga-
tion direction. Eq. (2.97) is valid for small refractive index gradients, where the 
light rays propagate along straight lines. The simplest case is that of a two-
dimensional phase object with no variation of refractive index in z-direction. In 
this case the refractive index distribution n(x,y) can be calculated directly from Eq. 
(2.97). In the general case of a refractive index varying also in z-direction Eq. 
(2.97) cannot be solved without further information about the process. However, 
in many practical experiments only two-dimensional phase objects have to be con-
sidered. 

A set-up for the recording of holograms of transparent phase objects consists of 
a coherent light source, the transparent medium under investigation and optical 
components, see figure 2.21. 



36      2 Fundamental Principles of Holography 
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Fig. 2.21. Recording set-up for transparent phase objects 
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Fig. 2.22. Reconstruction of phase objects 

The laser beam is split into two partial waves. One partial wave is expanded by 
a telescopic lens system and illuminates the medium, which is located e. g. in a 
test cell with transparent walls. The transmitted part, the object wave, interferes 
with the reference wave at the surface of the hologram plate. After processing the 
object wave is reconstructed by illuminating the hologram with the reference wave 
again, figure 2.22. Holographic Interferometry can be done either by the double 
exposure method or by the real-time method.  

A holographic interferogram of a pure transparent object without any scattering 
parts consists of clear fringes, not disturbed by speckle noise. These fringes are 
not localized in space, because there are no object contours visible. Yet, for some 
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applications localized fringes are desired. In that case a diffusing screen has to be 
placed in front of or behind the object volume.  

2.7.5 Phase Shifting HI 

As already mentioned in chapter 2.7.1 it is not possible to calculate  unambigu-
ously from the measured intensity, because the parameters A(x,y) and B(x,y) in Eq. 
(2.77) are not known and the sign is not determined. 

Phase shifting Holographic Interferometry is a method to determine the inter-
ference phase by recording additional information [9, 20, 58, 60]. The principle is 
to record three or more interference patterns with mutual phase shifts. For the case 
of three recordings, the interference patterns are described by: 

2cos,,,
cos,,,
cos,,,

3

2

1

yxByxAyxI
yxByxAyxI
yxByxAyxI (2.98) 

The equation system can be solved unambiguously for  if the phase angle 
is known (e.g. 120 ).

The phase shift can be realized in practice e. g. by a mirror mounted on a pie-
zoelectric translator. The mirror is placed either in the object- or in the reference 
beam. If appropriate voltages are applied to the piezo during the hologram recon-
struction, well defined path changes in the range of fractions of a wavelength can 
be introduced. These path changes correspond to phase differences between ob-
ject- and reference wave.  

Instead of using the minimum number of three reconstructions with two mutual 
phase shifts, Eq. (2.98), it is also possible to generate four reconstructions with 
three mutual phase shifts: 
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4

3

2

1

yxByxAyxI
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In that case the equation system can be solved without knowledge of the phase 
shift angle , as long as it is constant. The solution for  is [71]: 

4132

41324321 33
arctan

IIII
IIIIIIII (2.100) 

Various HI phase shifting methods have been published, which differ in the 
number of recordings (at least 3), the value of , the way to generate the phase 
shift (stepwise or continuously) or other details. These methods will not be dis-
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cussed here in detail. The principle has been described briefly in order to prepare 
for a comparison of phase determination in conventional HI using photographic 
plates with the way to obtain phase information in Digital Holographic Interfer-
ometry (chapter 4). Finally it is remarked that phase shifting HI is not the only 
way to determine the phase from a fringe pattern, but it is the most applied 
method. Other phase evaluating techniques are the Fourier Transform Method, 
skeletonizing or the heterodyne technique. 

2.7.6 Phase Unwrapping 

Even after having determined the interference phase by a method such as HI phase 
shifting a problem remains: The cosine function is periodic, i. e. the interference 
phase distribution is indefinite to an additive integer of 2 :

n2coscos      Zn (2.101) 

Interference phase maps calculated with the arctan function or other inverse 
trigonometric functions therefore contain 2  jumps at those positions, where an 
extreme value of  (either -  or ) is reached. The interference phase along a 
line of such a phase image looks like a saw tooth function, figure 2.23 (a). The 
correction of these modulo 2  jumps in order to generate a continuously phase 
distribution is called demodulation, continuation or phase unwrapping.

Several unwrapping algorithm have been developed in the last years. In the fol-
lowing the so called path-dependent unwrapping algorithm is described. At first a 
one-dimensional interference phase distribution is considered. The difference be-
tween the phase values of adjacent pixels nn 1  is calculated. If this 
difference is less than -  all phase values from the n+1 pixel onwards are in-
creased by 2 . If this difference is greater than + , 2  is subtracted from all phase 
values, starting at number n+1. If none of above mentioned conditions is valid the 
phase value remains unchanged. The practical implementation of this procedure is 
done by calculating first a step function, which cumulates the 2  jumps for all 
pixels, figure 2.23 (b). The continuous phase distribution is then calculated by 
adding this step function to the unwrapped phase distribution, figure 2.23 (c). Al-
most every pixel can be used as a starting point for this unwrapping procedure, not 
necessarily the pixel at the start of the line. If a central pixel is chosen as starting 
point the procedure has to be carried out in both directions from that point. 

This one-dimensional unwrapping scheme can be transferred to two dimen-
sions. One possibility is to unwrap first one row of the two dimensional phase map 
with the algorithm described above. The pixels of this unwrapped row act then as 
a starting points for column demodulation.  

One disadvantage of the simple unwrapping procedure described here is that 
difficulties occur if masked regions are in the phase image. These masked areas 
might be caused e. g. by holes in the object surface. To avoid this and other diffi-
culties several other, more sophisticated demodulation algorithm have been devel-
oped. 
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Finally it should be mentioned that the unwrapping procedure is always the 
same for all methods of metrology, which generate saw-tooth like images. This 
means the various unwrapping algorithm developed for HI and other methods can 
be used also for Digital Holographic Interferometry, because this technique also 
generates modulo 2 -images (see chapter 4). 
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Fig. 2.23. Phase unwrapping  
 (a) Interference phase modulo 2 : x2

 (b) Step function: xjump

 (c) unwrapped interference phase: xx jump2



3 Digital Holography 

3.1 General Principles 

The concept of digital hologram recording is illustrated in figure 3.1(a) [131]. A 
plane reference wave and the wave reflected from the object are interfering at the 
surface of a Charged Coupled Device (CCD). The resulting hologram is electroni-
cally recorded and stored. The object is in general a three dimensional body with 
diffusely reflecting surface, located at a distance d from the CCD. 

In optical reconstruction the virtual image appears at the position of the original 
object and the real image is formed at a distance d as well, but in the opposite di-
rection from the CCD, see figure 3.1 (b). 

The diffraction of a light wave at an aperture (in this case a hologram) which is 
mounted perpendicular to the incoming beam is described by the Fresnel-
Kirchhoff integral, see Eq. (2.48): 

dxdy
i

yxEyxhi
R

2exp
,,,

(3.1) 

with 

222 dyx (3.2) 

h(x,y) is the hologram function and ’ is the distance between a point in the 
hologram plane and a point in the reconstruction plane. The geometrical quantities 
are explained in figure 3.2. The inclination factor is set to 1, because the angles '
and '' (see chapter 2.4) are approximately 0. This is valid for all numerical recon-
struction algorithms in this book. 

For a plane reference wave yxER ,  is simply given by the real amplitude: 

RRR aiaE 0 (3.3) 

The diffraction pattern is calculated at a distance d behind the CCD plane, 
which means it reconstructs the complex amplitude in the plane of the real image. 

Eq. (3.1) is the basis for numerical hologram reconstruction. Because the re-
constructed wave field ( ’, ’) is a complex function, both the intensity as well as 
the phase can be calculated [128]. This is in contrast to the case of optical holo-
gram reconstruction, in which only the intensity is made visible. This interesting 
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property of Digital Holography is used in Digital Holographic Interferometry, see 
chapter 4. 

CCD

Reference wave

(a)

Object
d

(b)

Virtual image
d d

Real image

(c)

Real image
d d

Virtual image

Fig. 3.1.  Digital Holography  
 (a) Recording 
 (b) Reconstruction with reference wave RE
 (c) Reconstruction with conjugate reference wave *

RE
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Fig. 3.2. Coordinate system for numerical hologram reconstruction 

As mentioned in chapter 2.6 the real image could be distorted. According to Eq. 
(2.63) an undistorted real image can be produced by using the conjugate reference 
beam for reconstruction. To reconstruct an undistorted real image in Digital Holo-
graphy it is therefore necessary to insert *

RE  instead of RE  in Eq. (3.1): 

dxdy
i

yxEyxhi
R

2exp
,,, *

(3.4) 

with 

222 dyx (3.5) 

This reconstruction scheme is shown in figure 3.1(c). The real image emerges 
at that position, where the object was located during recording. It should be men-
tioned that for the plane reference wave defined in Eq. (3.3) both reconstruction 
formulas, Eq. (3.1) and (3.4), are equivalent because RRR aEE * .

The set-up of figure 3.1 with a plane reference wave impinging perpendicularly 
onto the CCD is often used in Digital Holography. Other recording geometries are 
discussed later. 

The reconstruction of the virtual image is also possible by introducing the im-
aging properties of a lens into the numerical reconstruction process [129]. This 
lens corresponds to the eye lens of an observer watching through an optically re-
constructed hologram. In the simplest case this lens is located directly behind the 
hologram, figure 3.3. The imaging properties of a lens with focal distance f are 
considered by a complex factor: 
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22exp, yx
f

iyxL
(3.6) 

Virtual image
d d

Image plane

Numerical
lens

Fig. 3.3. Reconstruction of the virtual image 

This factor is calculated in Annex B1. For a magnification of 1 a focal distance 
of 2/df  has to be used.  

The lens described by Eq. (3.6) causes phase aberrations, which can be cor-
rected by multiplying the reconstructed wave field by a factor 

22exp,
f

iP
(3.7) 

This correction factor is derived in Annex B2. The full formula for reconstruc-
tion via a virtual lens with 2/df  is therefore 

dxdy
i

yxLyxEyxhPi
R

2exp
,,,,,

(3.8) 

3.2 Numerical Reconstruction 

3.2.1 Reconstruction by the Fresnel Approximation 

For x- and y-values as well as for - and -values, which are small compared to 
the distance d between the reconstruction plane and the CCD, the expression Eq. 
(3.5) can be expanded to a Taylor series: 
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The fourth term can be neglected, if it is small compared to the wavelength 
[69]: 
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Then the distance  consists of linear and quadratic terms: 
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22

22 (3.12) 

With the additional approximation of replacing the denominator in (3.4) by d
the following expression results for reconstruction of the real image: 

dxdyyx
d

iyxhyxE

di
d
i

R
22* exp,,

2exp,
(3.13) 

If the multiplications in the argument of the exponential under the integral are 
carried out one gets 
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This equation is named Fresnel approximation or Fresnel transformation due 
to its mathematical similarity with the Fourier Transform (see below). It enables 
reconstruction of the wave field in a plane behind the hologram, in this case in the 
plane of the real image. 

The intensity is calculated by squaring: 
2,,I (3.15) 

The phase is calculated by 
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,Re
,Imarctan, (3.16) 

Re denotes the real part and Im the imaginary part. 
The reconstruction formula for the virtual image in the Fresnel approximation 

is:
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For digitisation of the Fresnel transform Eq. (3.14) following substitutions are 
introduced [176]: 

d
;

d
(3.18) 

Herewith (3.14) becomes 
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A comparison of Eq. (3.19) with the definition of the two-dimensional Fourier 
transform (see Annex A) shows that the Fresnel approximation up to a spherical 
phase factor is the inverse Fourier transformation of the function 
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The function  can be digitised if the hologram function h(x,y) is sampled on a 
rectangular raster of N N points, with steps x and y along the coordinates. x
and y are the distances between neighbouring pixels on the CCD in horizontal 
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and vertical direction. With these discrete values the integrals of (3.19) are con-
verted to finite sums: 
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According to the theory of Fourier transform among x, y and ,  the fol-
lowing relation exist, see Annex A: 
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After re-substitution: 
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Using these equations (3.21) converts to 
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This is the discrete Fresnel transform. The matrix  is calculated by multiplying 
lkER ,* with h(k,l) and 2222)(exp ylxkdi  and applying an inverse 

discrete Fourier transform to the product. The calculation is done most effectively 
using the Fast Fourier Transform (FFT) algorithm. The factor in front of the sum 
only affects the overall phase and can be neglected, if just the intensity according 
to Eq. (3.15) is of interest. This is also the case if phase differences between holo-
grams recorded with the same wavelength have to be calculated 
( 2121 .. constconst ).

The corresponding discrete formula for reconstruction via a virtual lens with 
2/df  (Eq. 3.17) is 
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A typical digital hologram is shown in figure 3.4. It was recorded with the ge-
ometry of figure 3.1. The object is placed d=1.054m apart from the CCD-array of 
1024 1024 pixels with pixel distances myx 8.6 . The wavelength is 
632.8nm. The numerical reconstruction according to Eq. (3.14) resp. (3.24) is 
demonstrated in figure 3.5. A real image of the dice used as object is noticeable. 
The bright square in the centre is the undiffracted reconstruction wave (zero order) 
and corresponds to the first term of the right side of Eq. (2.63). Because of the off-
axis geometry the image is spatially separated from the zero order term. The other 
(virtual) image is out of focus in this reconstruction. 

An interesting property of holography is that every part of a hologram contains 
the information about the entire object. This is illustrated by the holograms of fig-
ures 3.6 and 3.8, where black masks cover nearly half of the hologram areas. Nev-
ertheless the entire cube is visible in the reconstructions without obstructions, fig-
ures 3.7 and 3.9. The masks are visible as shadows in the zero order terms. The 
reduction of the effective pixel number leads to a reduction of the resolution in the 
reconstructed images. This corresponds to the increase of the speckle size due to 
aperture reduction in optical hologram reconstruction. 

Regarding Eq. (3.23) the pixel distances in the reconstructed image  and 
are depending on the reconstruction distance d chosen for numerical reconstruc-
tion. This is because Eq. (3.23) corresponds to the diffraction limited resolution of 
optical systems: The hologram is the aperture of the optical system with side 
length xN . According to the theory of diffraction a diffraction pattern develops 
in a distance d behind the hologram. xNd  is therefore the half diameter 
of the airy disk or speckle diameter in the plane of the reconstructed image, which 
limits the resolution. This can be regarded as "natural scaling" algorithm, setting 
the resolution of the image reconstructed by a discrete Fresnel transform always to 
the physical limit. 
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Fig. 3.4. Digital hologram 

Fig. 3.5. Numerical reconstruction 
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Fig. 3.6. Masked digital hologram 

Fig. 3.7. Reconstruction 
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Fig. 3.8. Masked digital hologram 

Fig. 3.9. Reconstruction 
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3.2.2 Reconstruction by the Convolution Approach 

The numerical processing of the Fresnel-Kirchhoff integral Eq. (3.1) resp. (3.4) 
without approximation is time consuming. For numerical processing a different 
but equivalent formulation is much more suitable. This formulation makes use of 
the convolution theorem and is named "convolution approach" within the scope of 
this article. Demetrakopoulos and Mittra applied this way of processing for nu-
merical reconstruction of sub optical holograms for the first time [25]. Later this 
approach was applied to optical holography by Kreis [74]. 

The reconstruction formula Eq. (3.4) can be interpreted as a superposition inte-
gral: 

dxdyyxgyxEyxh R ,,,,,, *
(3.26) 

where the impulse response g(x,y, , ) is given by 
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According to Eq. (3.26) the linear system characterized by 
yxgyxg ,,,,  is space-invariant. The superposition integral can be 

regarded therefore as a convolution and the convolution theorem (Annex A) can 
be applied. According to this theorem the Fourier transform of the convolution of 

*
REh  with g is the product of the individual transforms *

RhE  and g . So 

,  can be calculated by Fourier transforming *
REh  first. This is followed 

by multiplying with the Fourier transform of g, and taking an inverse Fourier 
transform of this product. In all three Fourier transforms are necessary for the 
whole process. The individual Fourier transforms are effectively carried out using 
the FFT-algorithm. 

The numerical impulse response function is 
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The shift of the coordinates by N/2 is on symmetry reasons.  
In short notation the reconstruction into the real image plane is 

gEh R
*1, (3.29) 
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The Fourier transform of g(k,l) can be calculated and expressed analytically: 
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This saves one Fourier transform for reconstruction: 

GEh R
*1, (3.31) 

For the reconstruction of the virtual image a lens transmission factor yxL ,
according to Eq. (3.6) and a correction factor ,P  according to Eq. (3.7) have 
to be considered: 

GLEhP R
1,, (3.32) 

The pixel distances of the images reconstructed by the convolution approach 
are equal to that of the hologram: 

x ; y (3.33) 

The pixel distances of the reconstructed images differ from those of the Fresnel 
approximation (3.23). At first sight it seems to be possible to achieve a higher 
resolution with the convolution approach if the pixel distance is small enough. On 
closer examination one recognizes that the resolution calculated by Eq. (3.33) is 
only a numerical value. The physical image resolution is determined by diffrac-
tion, i. e. Eq. (3.23) describes the resolution limit also for the convolution ap-
proach. 

As stated in chapter 3.1 the inclination factor in the diffraction integral can be 
neglected in the numerical reconstruction process. However, it should be men-
tioned that is also possible to consider the inclination factor in the convolution ap-
proach. 

The area reconstructed with the impulse response function defined in Eq. (3.28) 
is symmetrical with respect to the optical axis. The area can be shifted by intro-
ducing integer numbers sk, lk:
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The convolution approach contains the possibility to introduce an image magni-
fication in the reconstruction process. This is possible if the reconstruction dis-
tance is set to  

mdd ' (3.35) 

where d is the recording distance (also used as reconstruction distance so far) 
and m stands for the magnification factor. A magnification of 1m  corresponds 
to x , resp. y . The lens focal distance is given by the lens formula 
of geometrical optics: 
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Now Eq. (3.32) is applied for reconstruction with d’ instead of d and 
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f
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An example of a reconstruction with the convolution approach is shown in fig-
ure 3.10. The hologram of figure 3.4 is reconstructed with a magnification of 

71m . The corresponding pixel distance in the reconstructed image is 
mmx 48 . The comparison to m96  for the Fresnel reconstruc-

tion is shown in figure 3.5. That means twice as much pixels are available for the 
object field. However, it is emphasized again that the physical resolution is the 
same in figures 3.5 and 3.10. 

Fig. 3.10. Reconstruction with the convolution approach 
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3.2.3 Digital Fourier Holography 

The special holographic recording geometry of figure 3.11 is named lensless Fou-
rier holography. It also has been realized in Digital Holography [162]. The point 
source of the spherical reference wave is located in the plane of the object. The 
reference wave at the CCD plane is therefore described by: 
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(3.38) 

The term 222 yxd  is the distance between the source point and the point 
with coordinates (x,y) in the CCD plane. The approximation in Eq. (3.38) is the 
same as used in chapter 3.2.1 to derive the Fresnel transform. Inserting this ex-
pression into the reconstruction formula for the virtual image (3.17) leads to fol-
lowing equation: 

yxh
d

iC ,exp, 122 (3.39) 

C is a complex constant. A lensless Fourier hologram is therefore reconstructed 
by a Fourier transform. It is not possible to focus on different areas within the ob-
ject volume with lensless Fourier holography, because the reconstruction distance 
d does not appear in Eq. (3.39). The spherical phase factor 22exp yxdi
associated with the Fresnel transform is eliminated by the use of a spherical refer-
ence wave with the same curvature.  

Reference wave
source point

Object

CCD
Fig. 3.11. Digital lensless Fourier holography 
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3.3 Separation of Virtual Image, Real Image and DC-term 

3.3.1 Suppression of the DC term 

The bright square in the centre of figure 3.5 is the undiffracted reconstruction 
wave. This zero order or DC term disturbs the image, because it covers all object 
parts lying behind. Methods have been developed to suppress this term e.g. by 
Kreis et. al. [75]. 

To understand the cause of this DC term hologram formation according Eq. 
(2.60) is considered. The equation is rewritten by inserting the definitions of RE
and OE  and multiplying the terms: 
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The first two terms are leading to the DC term in the reconstruction process. 
The third term is statistically varying between ORaa2  from pixel to pixel at the 
CCD. The average intensity of all pixels of the hologram matrix is 
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The term 22
OR aa  now can be suppressed by subtracting this average inten-

sity Im from the hologram: 

ylxkIylxkIylxkI m ,,, (3.42) 

for 1,...,0;1,...,0 NlNk .
The reconstruction of I  creates an image free of the zero order. 
An example is shown in figure 3.12. The upper left figure is a photograph of 

the object. The reconstruction without DC term suppression is depicted in the up-
per right figure. The object is covered by the DC term. The lower left figure shows 
the reconstruction with DC term suppression as described above. The object is 
clearly visible. 

Instead of subtracting the average intensity it is also possible to filter the holo-
gram matrix by a high-pass with low cut-off frequency. The lower right image of 
figure 3.12 shows the DC term suppression by high pass filtering of the hologram. 

The subtraction of the average intensity from the hologram before reconstruc-
tion is the basic idea of the DC-term suppression. The same effect can be 
achieved, if two holograms with stochastically changed speckle structures are sub-
tracted from each other [26]. The reconstruction of this subtraction hologram re-
sults in an image without zero order term. 
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Fig. 3.12. Suppression of the DC term (courtesy of S. Seebacher) 

Another method to suppress the DC term is to measure the intensities of refer-
ence wave 2

Ra  and object wave 2
Oa  separately. This can be done e. g. by block-

ing one of the waves while measuring the intensity of the other wave. Afterwards 
a DC term free image can be calculated by subtracting the intensities from the 
hologram before reconstruction. However, this requires higher experimental effort 
due to the additional measurements. 

3.3.2 Spatial Separation of Images 

With the recording geometry of figure 3.1 the real image and the virtual image are 
located in one line. In the numerical reconstruction one focuses either on the real 
or on the virtual image. The other image is usually out of focus due to the long 
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distance between object and CCD. Consequently only one image is visible in the 
reconstruction, see example in figure 3.5. 

Still, there are some cases, in which the reconstruction might be disturbed by 
the out of focus twin image, e. g. if the recording distance is very short. For this 
special case it might be useful to record the holograms with a tilted reference, see 
set-up in figure 3.13. In this geometry both images are angularly separated in the 
reconstruction. The real image is deflected off the axis at an angle approximately 
twice as large as the one between reference wave and axis. 

The tilted reference wave is described by 

sin2exp xiER
(3.43) 

The disadvantage of this set-up are the much higher spatial frequencies on the 
CCD in comparison to the set-up of figure 3.1. This is critical with respect to the 
CCD resolution and limits the usable angle for the object wave, see discussion in 
chapter 3.4. 

CCD

Reference wave
(a)

Object
d

Real image

(b)

Virtual image

x

Fig. 3.13. Digital Holography with a tilted reference wave 
  (a) Recording 
  (b) Reconstruction 
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3.3.3 Phase Shifting Digital Holography 

The amplitude and phase of a light wave can be reconstructed from a single 
hologram by the methods described in the preceding chapters. A completely dif-
ferent approach has been proposed by Skarman [146, 165]. He used a phase shift-
ing algorithm to calculate the initial phase and thus the complex amplitude in any 
plane, e. g. the image plane: With the initial complex amplitude distribution in one 
plane the wave field in any other plane can be calculated by using the Fresnel-
Kirchhoff formulation of diffraction. Later this Phase Shifting Digital Holography 
was improved and applied to opaque objects by Yamaguchi et al. [54, 171-174, 
178, 179].  

The principal arrangement for phase shifting Digital Holography is shown in 
figure 3.14. The object wave and the reference wave are interfering at the surface 
of a CCD. The reference wave is guided via a mirror mounted on a piezoelectric 
transducer (PZT). With this PZT the phase of the reference wave can be shifted 
stepwise. Several (at least three) interferograms with mutual phase shifts are re-
corded. Afterwards the object phase O is calculated from these phase shifted in-
terferograms, the procedure is similar to that of phase shifting in conventional HI 
(see chapter 2.7.5). The real amplitude yxaO ,  of the object wave can be meas-
ured from the intensity by blocking the reference wave. 

As a result the complex amplitude  

yxiyxayxE OOO ,exp,, (3.44) 

of the object wave is determined in the recording (x,y) plane. 

CCD

PZT
mirror

Reference
wave

BS

d

Fig. 3.14. Phase shifting Digital Holography, set-up 



60      3 Digital Holography 

Now the Fresnel-Kirchhoff integral can be used to calculate the complex ampli-
tude in any other plane. To calculate an image of the object an artificial lens with 

2df  is introduced in the recording plane according to Eq. (3.6). By means of 
the Fresnel approximation Eq. (3.17) the complex amplitude in the image plane is 
then calculated by 

dxdyyx
d

iyx
d

iyxE

d
iC

dxdyyx
d

iyx
d

iyxLyxE

d
iCE

O

O

O

2expexp,

exp

2expexp,,

exp,

22

22

22

22 (3.45) 

where again the coordinate system of figure 3.2 is applied. Since the complex am-
plitude is known in the hologram plane, it is also possible to reconstruct the object 
by inversion of the recording process [142]. Hologram recording is described by 

yxgE

dd
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yxdi
EiyxE
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,,,,
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,,

1

222

222 (3.46) 

with 

222

2222exp
,,,

yxd

yxdi
iyxg

(3.47) 

,OE  is the complex amplitude of the object wave at the emitting surface, 
see figure 3.2. Therefore it can be calculated directly by inverting Eq. (3.46): 

yxg
yxEE O

O ,,,
,, 1 (3.48) 

The numerical implementation of this reconstruction method is critical due to 
the division in Eq. (3.48). 

The advantage of phase shifting Digital Holography is a reconstructed image of 
the object without the zero order term and the conjugate image. The price for this 
achievement is the higher technical effort: Phase shifted interferograms have to be 
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generated, restricting the method to slowly varying phenomena with constant 
phase during the recording cycle. 

Phase shifting Digital Holography is illustrated by a holographic image of a 
nut, figure 3.15. The example demonstrates the improvement compared to conven-
tional Digital Holography, figure. 3.12. 

Fig. 3.15. Phase shifting Digital Holography, example 

3.4 Recording of Digital Holograms 

3.4.1 Charged-Coupled Devices 

Charged-Coupled Devices (CCD's) were invented in the sixties of the last century 
by researchers at Bell Labs. A CCD is an electrical device that is used to create 
images of objects, store information or transfer electrical charge. The most popu-
lar application today is image recording. Therefore the following overview in this 
book is restricted to this application. CCD's are used as imaging devices in elec-
tronic cameras (video and still imaging) and scanners. They are available as line 
scanning devices, consisting of a single line of light detectors, and as area scan-
ning devices, consisting of a rectangular matrix of light detectors. For Digital 
Holography only the latter architecture is of interest. 

CCD imaging is performed in a three step process [14]: 
1. Light exposure 

The incident light separates charges by the internal photo effect. This effect 
converts light into an electronic charge at the individual detectors called pixels. 

2. Charge transfer 
The charge transfer function moves the packets of charge within the semicon-
ductor (silicon) substrate to memory cells. 

3. Charge to voltage conversion and output amplification 
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The capacitor matrix of the memory cells converts the transferred charge to a 
voltage. An amplifier adapts the voltage to the output requirements. 
The three basic architectures of CCD's are called full-frame transfer devices, 

frame-transfer devices and interline transfer devices.  
Interline transfer devices consist of a striped pattern of light sensitive detectors 

(photodiodes) and of separated non-sensitive or light shielded storage devices, see 
figure 3.16. The charge packages which are generated in the light sensitive pixels 
are shifted into the adjacent storage devices by a parallel clock. After that the 
charges in these storage devices are shifted line by line into the serial register. 
This serial register transfers the charge packages into a charge to voltage converter 
with amplifier, which forms the output signal. The major disadvantage of interline 
transfer CCD's is their complexity, which results from separating the photo-
detecting and storage (readout) functions. 

Frame-transfer CCD's also have different areas for light conversion and for 
storage. Yet, these elements are not arranged in stripes, but divided into two dif-
ferent blocks, see figure 3.17. The idea is to shift a captured scene from the photo-
sensitive image array very fast to the storage array. The readout from the storage 
register is performed similar to the readout process of interline transfer devices. 

Full-Frame CCD's have the simplest architecture, see figure 3.18. In contrast to 
interline transfer and frame-transfer devices they don't have a separated storage 
area. The entire sensor area is light sensitive. The photons of the illuminating light 
are converted into charge packages. The resulting rows of image information are 
then shifted in parallel to the serial register that subsequently shifts the row of in-
formation to the output as a serial stream of data. The process repeats until all 
rows are transferred off chip. Since the parallel register is used for both image de-
tection and readout, a mechanical shutter is needed to preserve scene integrity. 
Yet, full-frame CCD's have highest resolution and the production costs are compa-
rably cheap. 

In principle all three types of CCD’s are suitable for Digital Holography. Full 
frame type CCD’s have the advantage that the exposure time can be adjusted ac-
cording to the demands of a specific application. Even exposure times in the range 
of seconds are possible. However, the mechanical shutter limits the number of 
holograms, which can be recorded per second (frame rate). In addition the shutter 
may cause mechanical vibrations to the set-up, which deteriorate the hologram 
quality. An advantage of interline transfer type CCD’s is that such devices are 
equipped with an electronic shutter, allowing higher frame rates. The best suited 
camera type depends therefore on the specific holographic application. 
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Fig. 3.17. Frame-transfer architecture 
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Fig. 3.18. Full-frame architecture 

3.4.2 Spatial Frequency Requirements 

A CCD used to record holograms must resolve the interference pattern resulting 
from superposition of the reference wave with the waves scattered from the differ-
ent object points. The maximum spatial frequency to be resolved is determined by 
the maximum angle max between these waves according to Eq. (2.30): 

2
sin2 max

maxf
(3.49) 

Photographic emulsions used in optical holography have resolutions up to 5000 
line pairs per millimetre (Lp/mm). Using these materials, holograms with angles 
of up to 180° between the reference and the object wave can be recorded. How-
ever, the distance between neighbouring pixels of a high resolution CCD is only in 
the order of mx 5 . The corresponding maximum resolvable spatial frequency 
calculated by

x
f

2
1

max
(3.50) 

is therefore in the range of 100 Lp/mm. 
Combining Eq. (3.49) and (3.50) leads to 

xx 24
arcsin2max

(3.51) 
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where the approximation is valid for small angles. The distance between neighbor-
ing pixels is therefore the quantity, which limits the maximum angle between ref-
erence- and object wave. 

3.4.3 CCD’s for Digital Hologram Recording 

Main data of selected CCD cameras suitable for Digital Holography are listed in 
Table 3.1. 

Table 3.1. CCD cameras suitable for Digital Holography 

Camera Chip 
type 

Number of 
pixels

Pixel size 
[ m2]

Frames per 
second

Dynamic 
range

max for 
=633nm

Roper Sci. 
MegaPlus 1.4i 

FT 1317 x 
1035

6.8 x 6.8 6.9 8 bit 2.7

Roper Sci. 
MegaPlus 16.8i 

FT 4096 x 
4096

9 x 9 0.47 8 bit 2.0

Roper Sci. Me-
gaPlus ES1.0 

IT 1008 x 
1018

9 x 9 30 8 or 10 
bit

2.0

Roper Sci. Me-
gaPlus 4.0 

IT 2048 x 
2048

7.4 x 7.4 30 8 or 12 
bit

2.45

Hamamatsu 
C8484-01

PSI 1344 x 
1024

6.45 x 6.45 8.3 12 bit 2.81

Duncan
DT1100

PS  1392 x 
1040

4.65 x 4.65 12 8 or 10 
bit

3.9

FT: full frame, IT: interline transfer, PSI: progressive scan interline, PS: progressive scan 

The sensitivity of CCD cameras is typically in the range of 2410 mJ to 
2310 mJ , which is better than the sensitivity of photographic emulsions used for 

classical holography. The spectral range reaches approximately from 400nm to 
1000nm, based on silicon as chip material. Yet, most commercial CCD cameras 
are equipped with a filter, restricting the sensitivity to the visible range. 

In conventional holography with photographic plates the intensity ratio between 
reference and object wave should be in the range of 5:1 to 10:1 in order to avoid 
nonlinear effects due to the recording medium. However, from interference theory 
it is known that the maximum contrast in an interference pattern is achieved if the 
intensity ratio is 1:1. CCD's have a much better linearity in the exposure curve 
than photographic emulsions. Consequently, the intensity ratio between reference 
and object wave should be adjusted to the optimum of 1:1. This can be controlled 
by covering one half of the expanded reference wave by an aperture. The bright-
ness (measured in grey values) in that half of the CCD being illuminated by refer-
ence and object wave together should be twice as high of the brightness in the 
other half, which is illuminated only by the object wave.  
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As for classical holography using photographic material, the total light energy 
impinging on the CCD can be controlled by varying the exposure time. This is 
usually done with a mechanical or the electronic camera shutter.  

CCD-cameras typically have a dynamic range of 8 bit (256 grey values) or 
higher. This is comparable to the dynamics of photographic materials and fully 
sufficient for hologram recording. Even objects with brightness variations exceed-
ing the dynamic range of the recording medium by far can be stored and recon-
structed, because the object information is coded as interference pattern (holo-
gram). 

Numerical reconstruction of digital holograms requires a pixel number, which 
is a power of 2 (e. g. 1024 x 1024). The pixel numbers of some of the cameras 
listed in table 3.1 differ from that rule. If the pixel number is e. g. 1317 x 1035 
(MegaPlus 1.4i) only 1024 x 1024 pixels are used for reconstruction. In case of a 
pixel number slightly lower than a power of 2 (e. g. 1008 x 1018 for the MegaPlus 
ES 1.0) it is advisable to add artificial pixels with grey value zero (black) to the 
recorded hologram until a pixel number of  nn 22  is reached. This zero padding
does not distort the computation, it only causes a smoothing or interpolation of the 
reconstructed image. 

3.4.4 Recording Set-ups 

In this chapter typical set-ups used in Digital Holography are discussed and ana-
lysed with respect to their spatial frequency limitations. In figure 3.19(a) a plane 
reference wave according to Eq. (3.3) is used, which propagates perpendicularly to 
the CCD. The object is located unsymmetrical with respect to the centre line. This 
set-up is very simple, but the space occupied by the object is not used effectively. 
The maximum angle between a ray emitted from the edge of a quadratic object 
with side length L to the opposite edge of the CCD with side length xN  is (dis-
tance x explained in figure 3.19): 

minmin
max

4
5

d

xNL

d
x

(3.52) 

The corresponding minimum object distance dmin is calculated by equating this 
expression with the approximation for max  in Eq. (3.51): 

xNLxxNLxd 52
4
5

min

(3.53) 

In figure 3.19(b) the plane reference wave is coupled into the set-up via a beam 
splitter. This allows positioning the object symmetrically, i.e. objects with larger 
dimensions can be recorded at a given distance d. The minimum object distance is: 
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xNLxxd 2
max

min
(3.54) 

However, the DC term is in the centre of the reconstructed image and has to be 
suppressed by the procedures described in chapter 3.3.1. 
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Fig. 3.19. Recording set-ups. Left: side views; Right: top views seen from CCD 
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Figure 3.19(c) shows a set-up for lensless Fourier holography. The spherical 
reference wave is coupled into the set-up via a beam splitter in order to have the 
source point in the object plane. The minimum object distance is: 

Lxd 2min
(3.55) 

With the lensless Fourier set-up the shortest object distance can be chosen. On 
the other hand numerical refocusing is not possible with this geometry (see chap-
ter 3.2.3). 

For all set-ups the maximum spatial frequency has to be adapted very carefully 
to the resolution of the CCD. If too high spatial frequencies occur, the contrast of 
the entire hologram decreases or, in the extreme case, it vanishes totally. There-
fore it has to be ensured that the spatial frequency requirements are kept in any 
case. This can be achieved in practice by apertures, which restrict the light 
propagation laterally. 

If objects with dimensions larger than a few centimetres shall be recorded by 
CCD's, the recording distance d increases up to several meters. This is not feasible 
in practice. That is why set-ups have been developed to reduce the object angle to 
values with a resolvable spatial frequency spectrum [118, 139]. An example of 
such a set-up is shown in figure 3.20. A divergent lens is arranged between the ob-
ject and the target. This lens generates a reduced virtual image of the object in a 
distance d'. The wave field emerging from this virtual image is superimposed with 
the reference wave and the resulting hologram is recorded. The maximum spatial 
frequency is lower compared to a hologram, which is recorded without object re-
duction. 

CCD

Reference
wave

BS

Object

Reduced
image

d
d'

Lens

Fig. 3.20. Recording geometry for large objects 
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3.4.5 Stability Requirements 

A stable optical set-up is necessary for digital as well as for conventional hologra-
phy. Any change in the optical path difference between the interfering beams will 
result in a movement of the fringes and reduced contrast in the hologram. In prac-
tice the path variations should not exceed 1/4, better 1/10 of a wavelength during 
hologram exposure. It is therefore recommended to mount the optical set-up on a 
vibration isolated table, or to use a pulsed laser as light source. In contrast to con-
ventional holography disturbances due to vibrations are visible in Digital Holo-
graphy even in the recording process: The hologram visible on the monitor of the 
recording system appears flat and has a low modulation. This is an easy way to 
monitor the stability of the set-up against vibrations. 



4 Digital Holographic Interferometry (DHI) 

4.1 General Principles 

A conventional holographic interferogram is generated by superposition of two 
waves, which are scattered from an object in different states. The interferogram 
carries the information about the phase change between the waves in form of dark 
and bright fringes. However, as described in chapter 2.7, the interference phase 
cannot be extracted unambiguously from a single interferogram. The interference 
phase is usually calculated from three or more phase shifted interferograms by 
phase shifting algorithm. This requires additional experimental effort. 

Digital Holography allows a completely different way of processing [128]. In 
each state of the object one digital hologram is recorded. Instead of superimposing 
these holograms as in conventional HI using photographic plates, the digital holo-
grams are reconstructed separately according to the theory of chapter 3. From the 
resulting complex amplitudes ,1  and ,2  the phases are calculated: 
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,Im

arctan,
1

1
1

(4.1) 
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,Im

arctan,
2

2
2

(4.2) 

The index 1 denotes the first state, the index 2 is for the second state. In Eq. 
(4.1) and (4.2) the phase takes values between -  and , the principal values of the 
arctan function. The interference phase is now calculated directly by subtraction: 

2121

2121

2 if
if (4.3) 

This equation permits the calculation of the interference phase modulo 2  di-
rectly from the digital holograms. The generation and evaluation of an interfero-
gram is not necessary. 

The scheme of Digital HI is shown in figure 4.1. The upper left and upper right 
figures present two digital holograms, recorded in different states. Between the 
two recordings the knight has been tilted by a small amount. Each hologram is re-
constructed separately by a numerical Fresnel transform. The reconstructed phases 
according to Eq. (4.1) and (4.2) are depicted in the two figures of the middle row. 
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The phases vary randomly due to the surface roughness of the object. Subtraction 
of the phases according to Eq. (4.3) results in the interference phase, lower left 
figure. 

Fig. 4.1. Digital Holographic Interferometry 
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The interference phase is indefinite to an additive multiple of 2 , i. e. it is 
wrapped modulo 2 . The information about the additive constant is already lost in 
the holographic interferometric process. This is not a special property of Digital 
HI, but also the case for all interferometric methods using the wavelength as a 
length unit. To convert the interference phase modulo 2  into a continuous phase 
distribution, one can apply the standard phase unwrapping algorithm developed 
for conventional interferometry, HI or ESPI. In this example a simple path de-
pendent unwrapping algorithm, as described in chapter 2.7.6, has been applied. 
The unwrapped phase image is shown in the lower right picture of figure 4.1. The 
sensitivity vector used for hologram recording is nearly constant and perpendicu-
lar over the whole surface. The grey values of the unwrapped phase map can be 
converted therefore directly into displacement values via Eq. (2.86), i. e. the plot 
in the lower right picture of figure 4.1 is the object displacement. 

4.2 Deformation Measurement 

4.2.1 Quantitative Displacement Measurement 

As discussed in chapter 4.1 the way to obtain the interference phase in DHI is to-
tally different from conventional HI using photographic recording media and opti-
cal reconstruction. On the other hand the derivation of the relation between dis-
placement vector d , geometrical boundary conditions described by the sensitivity 
vector S  and interference phase  is also valid for DHI. That means the defor-
mation is calculated by Eq. (2.84), which is repeated here: 

Szyxdsbzyxdyx ,,,,2, (4.4) 

As an example for quantitative displacement measurement the deformation of a 
plate due to impact loading is discussed [134, 139]. The plate is made of fibre re-
inforced plastic (FRP), which is used more and more in aircraft industry. The de-
formation behaviour of FRP under impact load differs from that of static loading, 
so impact experiments are necessary. DHI is well suited to measurement of such 
transient deformations, because only one single recording is necessary in each de-
formation state. 

The holographic set-up is shown in figure 4.2. The dimensions of the plate are 
12cm  18cm. The recording distance would be too long for direct recording. The 
spatial frequency spectrum is therefore reduced by a lens, as explained in chapter 
3.4.4 (set-up in figure 3.20).  

The plate is clamped at three sides by a stable frame. A pneumatically acceler-
ated steel projectile hits the plate and causes a transient deformation. Two holo-
grams are recorded: The first exposure takes place before the impact, when the 
plate is in rest. The second hologram is recorded 5 microseconds after the impact. 
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The holograms are recorded by a pulsed ruby laser with a pulse duration of about 
30ns, short enough for hologram recording of dynamic events. The second holo-
gram recording is triggered by a photoelectric barrier, which generates the start 
signal for the laser after the projectile has crossed. The time interval between the 
impact and the second laser pulse is adjustable by an electronic delay. 

R
uby Laser

C
C

D

BS

Impact Object

Reduced
object image

Reference
wave

Illumination
wave

Fig. 4.2. Measurement of transient deformations 
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Fig. 4.3. Interference phase modulo 2

18 cm

12 cm

3.5 m

Fig. 4.4. Unwrapped phase, corresponding to deformation 5 s after the impact 

Both holograms are reconstructed separately as described in chapter 3. The in-
terference phase map is then calculated by subtracting the reconstructed phase dis-
tributions according to Eq. (4.3). 

As a typical result, the interference phase modulo 2  and the unwrapped phase 
are shown in figures 4.3 and 4.4. Since the sensitivity vector is nearly perpendicu-
lar to the surface, the unwrapped phase corresponds to the deformation field in z-
direction 5 s after the impact. 
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4.2.2 Mechanical Materials Properties 

Digital holographic displacement measurement can used to determine mechanical 
and thermal material properties such as the Young’s modulus, the Poisson ratio 
and the thermal expansion coefficient. For the derivation of these quantities a pro-
cedure for the evaluation of the three-dimensional shape and the three-dimensional 
displacement of the object under test, a physical model of the behavior of the 
loaded object and the knowledge about the applied load are necessary. Such a 
measurement procedure based on DHI has been realized [144]. The physical 
model must contain one or more of the material constants as parameters. A nu-
merical fit into the measured data according to the physical model delivers the 
wanted parameters within an accuracy that is determined by the numerical reliabil-
ity of the model. An outline of the complete evaluation process is shown in fig-
ure 4.5 (DHI shape measurement is explained in chapter 4.3). 

The calculation of the above mentioned material quantities requires to measure 
the whole three-dimensional displacement vector field. As stated in chapter 2.7 at 
least 3 interferograms of the same surface with linear independent sensitivity vec-
tors are necessary. The interferometer consists of an optimized arrangement with 4 
illumination directions and 1 observation direction to measure the 3D-
displacements and coordinates precisely, figure 4.6. It includes a CCD-camera, a 
laser, a beam splitter cube to guide the reference beam to the CCD target and some 
optics for beam shaping. Optionally, a fibre coupler can be included to switch sev-
eral illumination directions for varying the sensitivity vector. Such an interferome-
ter can be designed in a very compact way, figure 4.6. Micro silicon beams are 
used as test samples, figure 4.7.  
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Fig. 4.5. Evaluation scheme for material properties 
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Fig. 4.6. DHI set-up with four illumination directions (top) and its practical implementa-
tion (bottom, photo: BIAS) 
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Fig. 4.7. Test samples made on 100mm diameter silicon wafer. The size of the quadratic 
structure is 9mm  9mm, the thickness of the components is between 10 m and 
40 m. 

The first example is the determination of the Poisson ratio by DHI. Moments of 
force are applied to a rectangular sample at opposite sides. Fig. 4.8a shows a typi-
cal loading machine designed especially for small objects. The small dimensions 
of the samples demand a precise adjustment of all components: the “chop” which 
pushes against the object from above, the support and the sample which has the 
shape of a small rectangular beam. In this way a homogeneous deformation is 
achieved. Unwanted torsions of small magnitude are corrected numerically. This 
can be done easily with the use of the mod 2 -phase maps from Digital Hologra-
phy. The resulting deformation is recorded and evaluated. The deflection causes 
hyperbolic structures in the 2 -phase map, figure 4.8b. Conventionally, the Pois-
son ratio is derived numerically from the angle between the asymptotic lines of the 
fringes of equal phase [170]. The deformation can be formulated by the following 
equation in first order approximation: 

222

2
1, yaz
R

zyu (4.5) 

Here u means the deformation in x-direction at position (y,z) on the surface of 
the object.  stands for the Poisson ratio. R is the radius of curvature and a is a 
constant parameter. R results from a slight deflection in the initial state. This helps 
to ensure a proper mechanical contact between the support and the sample. Eq. 
(4.5) shows that the upper and lower surface of the sample are deformed to para-
bolic curves where the inside is bent in a convex way and the outside is curved in 
a concave way. Since this analytical model contains the Poisson ratio as a parame-
ter it is possible to use the measured deformation for its evaluation. This is per-
formed numerically by approximating the model to the data (figure 4.8c) with a 
least-square-fit, figure 4.8d. 
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Fig. 4.8. Measurement of the Poisson ratio by DHI (from [144]) 
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The reproducibility and accuracy of the values obtained by this method is good 
in comparison to conventional optical techniques for small samples. Table 4.1 
contains some of the results for beams made of spring steel, structural steel and ti-
tanium. The values correlate with the values given by the manufacturers within the 
tolerances of the material batches. 

Table 4.1. Measured Poisson ratios compared with literature values 

Material Width 
[mm] 

Thickness
[mm] 

Length [mm] Poisson Ratio 
measured 

Poisson Ratio 
literature 

Spring steel 1.20 0.20 12.0 0.288 0.29-0.31 
Spring steel 2.00 0.10 12.0 0.301 0.29-0.31 
Structural steel 1.00 0.50 10.0 0.338 0.29-0.31 
Structural steel 1.50 0.50 10.0 0.345 0.29-0.31 
Titanium 2.00 0.80 10.0 0.359 0.361 
Titanium 1.00 0.80 10.0 0.381 0.361 

The Young’s modulus can be determined in a similar way as the Poisson ratio 
if the physical model contains this quantity as a parameter. Small silicon beams 
which are clamped at one edge and mechanically loaded at the opposite edge with 
a defined force are used. The 3D-surface displacement (u,v,w) (Fig. 4.9c) can be 
measured with the interferometer by evaluating at least 3 interferograms (Fig. 
4.9b) made with different illumination directions. A model of the beam bending 
containing the Young’s modulus E as a free parameter is the basis for a numerical 
fit of the experimental values: 

3

33

32
6 l

y
l
y

EI
Flyu

y

(4.6) 

u is the displacement in x-direction and y a position on the beam of the length l.
Iy is the axial moment of inertia in the (x,z)-plane that can be estimated with the 
help of a shape measurement. F is the force applied to the tip of the beam. The ap-
plied forces are relatively small so that a special loading mechanism was devel-
oped, Fig. 4.9a. The spring constant k is assumed to be known precisely as well as 
the displacement aaa . With this information the force can be evaluated 
with the equation 

akF (4.7) 

Several experiments with thin beams made of silicon (dimensions: length 3mm, 
width 1mm) delivered an average value of E=162MPa. The literature value (in the 
considered crystal direction) is about 166MPa. These values can vary in a big 
range according to the material’s history, treatment and degree of impurity. 



4.2 Deformation Measurement     81 

a a'

d

a) working principle of the loading 
 mechanism for the small samples 

b) four 2 -phase maps recorded from four 
 different illumination directions

-5

0

5

-5

0

5

-5

0

5

m m

m

v-component w-component

u-component

c) deformation calculated in carte-
sian coordinates (scale of the 
plots in m)

0.001  0.002  0.003  0.004  0.005  0.006  

- 8 10 -6

- 6 10 -6

- 4 10 -6

- 2 10 -6

u [ m]

y [m]

simulation
measurement

d) profile of the deformation in x-
direction

Fig. 4.9 Determination of Young’s modulus by DHI 
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4.2.3 Thermal materials properties 

DHI is applied also to measure thermal materials properties, e. g. the thermal ex-
pansion coefficient. For interferometric investigations of the thermal behavior it 
must be ensured that thermal turbulences and non-uniform temperature distribu-
tions are avoided. Therefore a vacuum chamber is used that can be supplied with 
adapted loading devices, figure 10a. The thermal loading device is capable of 
keeping a constant temperature within an accuracy of 0.02°C in a range of about 
20°C up to 180°C, figure 4.10b. The digital holographic interferometer is mounted 
outside at the observation window of the chamber, figure 4.10c. 

A mono-crystal silicon beam (figure 4.10d) with phosphor coating is used as a 
test object. The interferograms are recorded at various temperature differences.  
The complete evaluation process can be summarized as follows: 

the geometry of the setup is measured to get the geometry matrix for the evalua-
tion of the 3 displacement components 
4 holograms are recorded in the initial state of the object 
the object is loaded thermally and recorded holographically from four different 
illumination directions 
the displacement vector components (u,v,w) are calculated based on the evalua-
tion of the 4 2 -phase maps 
rigid body motions were separated from internal deformations of the object it-
self by subtracting the mean movement from the displacement values. 
the absolute length change L is determined as well as the total length of the 
beam which can be performed by using the imaging properties of Digital Holo-
graphy. The thermal expansion coefficient in y- and z-direction can simply be 
calculated by using the equation  

TL
L

0

(4.8) 

The extension in x-direction is too small to be detected with the method ap-
plied. 

As an example the thermal expansion coefficient  of a small 2mm x 9mm x 
100 m mono-crystal silicon beam has been measured. Fig. 4.11 shows the four re-
sulting 2 -phase maps. The applied temperature difference T is 30°C. After 
elimination of the rigid body motion the three deformation components are evalu-
ated as shown in Fig. 4.12. Considering the dimensions of the beam a value for 
of about K11092.2 6  results. The literature values vary in a big range due 
to different measurement methods, conditions and material batches: 

K1107.6...4.2 6 .
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a) Vacuum chamber with the supply channel b) Equipment for thermal loading

y

z
x

c) Interferometer mounted on the in-
spection window

d) coordinate system used for the calculation 
of the thermal expansion coefficient

Fig. 4.10. Determination of the thermal expansion coefficient by DHI (photos: BIAS) 
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a) illumination direction 1 b) illumination direction 2 

c) illumination direction 3 d) illumination direction 4 

Fig. 4.11.  2 -phase maps due to deformation by thermal loading, four different illumina-
tion directions 
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Fig. 4.12. 3D-displacement vector components (u,v,w) of thermally loaded object 
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4.2.4 Non-Destructive Testing 

Non-Destructive Testing (NDT) is used to test materials and components without 
destruction. NDT methods are applied e. g. in aircraft industry, in power plants 
and in automotive production. Several physical techniques exist for NDT: Ultra-
sonic testing, eddy current measurements, penetrant testing, x-ray and also optical 
methods like HI, ESPI and shearography. 

Holographic Non-Destructive Testing (HNDT) measures the deformation due 
to mechanical or thermal loading of a specimen. Flaws inside the material are de-
tected as an inhomogeneity in the fringe pattern corresponding to the surface de-
formation.  

HNDT can be used wherever the presence of a structural weakness results in a 
surface deformation of the stressed component. The load can be realized by the 
application of a mechanical force or by a change in pressure or temperature. Holo-
graphic NDT indicates deformations down to the submicrometer range, so loading 
amplitudes far below any damage threshold are sufficient to produce detectable 
fringe patterns. 

In HNDT it is sufficient to have one fringe pattern of the surface under investi-
gation. Quantitative evaluation of the displacement vector field is usually not re-
quired. The fringe pattern is evaluated qualitatively by the human observer or, 
more and more, by fringe analysis computer codes. Irregularities in the interfer-
ence pattern are indicators of flaws within the component under investigation.  

As discussed in the preceding chapters, DHI generates not a fringe pattern, but 
directly the interference phase map. This phase map is therefore used for flaw de-
tection in Digital Holographic Non-Destructive Testing (DHI NDT). 

As an application for DHI NDT testing of a pressure vessel [138] is described. 
Such vessels are used as gas tanks in satellites, see figure 4.13. The diameter is in 
the order of 1 or 2 meter and the thickness of the wall in only about 1 millimetre. 
Typical flaws to be detected are cracks or reduced thickness of the wall. 

The surface of the tank is divided into segments of about cmcm 55 . For each 
segment, a series of digital holograms is recorded. Between the exposures, the 
pressure inside the tank is varied by a few hundred hPa. As a typical result the in-
terference phase between one pair of holograms is shown in figure 4.14. The dis-
turbance in the middle is an indication for a flaw. The interference phase can also 
be converted into a continuous phase by unwrapping the 2 -jumps. However, for 
flaw detection the unwrapped phase map is often more suitable.  

In conventional holographic NDT the load applied to the object under investi-
gation is restricted to certain limit. Loads above this limit lead to irresolvable 
fringe densities. In the numerical reconstruction process of DHI, the phase differ-
ence between any pair of exposures can be calculated. Even if the total deforma-
tion between the first and the last hologram is too high for direct evaluation, the 
total phase difference can be calculated step by step as the sum of the individual 
phase changes: 

...433221total (4.9) 
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However, a drawback of DHI compared to conventional HI shall be empha-
sized: For visual flaw detection it is sometimes of advantage to vary the observa-
tion direction continuously (dynamic evaluation). This is possible for holograms 
recorded on a photographic plate with dimensions of about cmcm 1010  or more, 
but until now not for digital holograms recorded by a CCD with only about 

cmcm 11 area. However, future progress in camera technology and computer 
hardware may solve this problem. 

           
Fig. 4.13. Satellite tank   Fig. 4.14. Non-destructive testing by DHI 

4.3 Shape Measurement 

4.3.1 Two-Illumination-Point Method 

The two contouring techniques discussed in chapter 2.7.3 for conventional HI are 
also applied in DHI. 

For the Two-Illumination-Point method it is necessary to record two digital 
holograms of the same surface, but with different object illumination points. Both 
holograms are reconstructed separately. The interference phase map, which repre-
sents the object shape, is then calculated by subtracting the individual phase dis-
tributions according to Eq. (4.3). The result is a wrapped phase map, which is in-
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terpreted similar to the contour fringe pattern discussed in chapter 2.7.3. The 
phase change between two adjacent 2 -jumps is 

sp2 (4.10) 

with p  and s  as defined previously. By analogy with Eq. (2.96) the distance 
between two adjacent 2 -jumps is  

2
sin2

H (4.11) 

where  is the angle between the two illumination directions. 
DHI two-illumination-point contouring can be carried out e. g. with the set-up 

depicted in figure 4.15. Optical fibres are preferably used to guide the illumination 
wave. The fibre output is the illumination source point. The shift is realized e. g. 
by a motor driven translation stage. The first digital hologram is recorded with the 
fibre end at position S. For the second hologram the fiber is shifted slightly to po-
sition S'.  

In order to obtain a maximum sensitivity in a direction normal to the surface, 
the illumination should come from the side, i. e. the angle between illumination di-
rection and observation direction is near 90°. Still, a such flat illumination direc-
tions may cause shadows due to surface variations. The optimum illumination di-
rection is therefore always a compromise between maximum sensitivity and 
minimum shadows in the reconstructed images. 

CCD

Laser

S

S'

Object

Fig. 4.15. Two-illumination point DHI 
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4.3.2 Two- and Multi-Wavelength Method 

For shape measurement by the two-wavelength method two holograms are re-
corded with different wavelengths 1 and 2. In conventional HI both holograms 
are recorded on a single photographic plate. Both holograms are reconstructed by 
the same wavelength, e. g. 1. That is why two images of the object are generated. 
The image recorded and reconstructed by 1 is an exact duplicate of the original 
object surface. The image which has been recorded with 1, but is reconstructed 
with 2 is slightly shifted in observation direction (towards the observer, see imag-
ing equations in chapter 2.6.2) with respect to the original surface. These two re-
constructed images interfere.  

The concept of two-wavelength contouring has been introduced into Digital 
Holography, too [62, 129, 143]. Two holograms are recorded with 1 and 2 and 
stored electronically, e. g. with the set-up depicted in figure 4.16. In contrast to 
conventional HI using photographic plates, both holograms can be reconstructed 
separately by the correct wavelengths according to the theory of chapter 3. From 
the resulting complex amplitudes ,1  and ,2  the phases are calcu-
lated: 

,Re
,Im

arctan,
1

1
1

(4.12) 
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,Im
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2

2
2

(4.13) 

As for deformation analysis the phase difference is now calculated directly by 
subtraction: 

2121

2121

2 if
if (4.14) 

This phase map is equivalent to the phase distribution of a hologram recorded 
with the synthetic wavelength . In conventional two-wavelength contouring the 
distance between adjacent fringes corresponds to a height step of /2, see Eq. 
(2.90). Similarly in two-wavelength DHI a 2  phase jump corresponds to a height 
step of /2:

22 21

21H
(4.15) 

A typical example of two-wavelength contouring is shown in figure 4.17.  
In DHI contouring both holograms are reconstructed with the correct wave-

length. Distortions resulting from hologram reconstruction with a different wave-
length than the recording wavelength, as in conventional HI contouring, are there-
fore avoided.  
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A modified contouring approach, which is referred to as multiwavelength con-
touring, has to use more than two illumination wavelengths to eliminate ambigui-
ties inherent to modulo 2  phase distributions [66, 67, 110, 163]. The advantage 
of this technique is that it can also be used with objects that have phase steps or 
isolated object areas. 

CCD

fibre coupler

1 2

Fig. 4.16. Two-wavelength DHI 

Fig. 4.17. Shape registration of a cylindrical lens by two-wavelength contouring. Visible 
part: 3mm  2mm 

unwrapped      1mm 
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4.3.3 Hierarchical Phase Unwrapping 

As stated earlier the process of phase unwrapping is always the same for conven-
tional HI as well as for DHI and in general also for all methods which generate 
modulo 2  images. In chapter 2.7.6 a simple phase unwrapping method is de-
scribed. However, for DHI multiwavelength contouring a special unwrapping pro-
cedure named hierarchical phase unwrapping is useful. The basic idea of this 
technique was originally developed by Nadeborn and Osten for projected fringe 
techniques with incoherent light [99, 107], but it is applicable for all measurement 
techniques which generate periodic data. Hierarchical phase unwrapping is par-
ticularly well suited in conjunction with DHI multi-wavelength contouring. The 
technique is discussed in this context.  

The practical application of interferometric contouring techniques leads to fol-
lowing problems [142]: 

Fringe counting problem: The interference phases are periodic. For the Two-
Wavelength method the periodic length is half the synthetic wavelength, see 
Eq. (4.15). If edges, holes, jumps or other discontinuations are on the measured 
surface, it is often not possible to count the absolute interference order, resp. 
phase value. An unambiguous evaluation is not possible. In order to generate 
unambiguous results, it is therefore necessary to use a synthetic wavelength 
bigger than twice the maximum height variation of the object. But this causes 
the second problem: 
Noise problem: The phase noise of the measurement increases the larger the 
synthetic wavelength gets. A large synthetic wavelength, necessary to generate 
unambiguous phase values, often leads to larger phase noise. To measure e. g. 
the surface profile of an object with about 10mm height variations, a synthetic 
wavelength of at least mm20  is necessary. In practice the phase noise lim-
its the achievable measurement resolution to about 1/10 of the synthetic wave-
length; i. e. the accuracy of the measured height data is only 0.2mm. This is too 
low for many applications. 
The basic idea of hierarchical phase unwrapping is to start with a large syn-

thetic wavelength to avoid phase ambiguities [163]. This measurement is not very 
accurate due to noise. The accuracy is now improved by systematic reduction of 
the synthetic wavelengths, while the information of the preceding measurements is 
used to eliminate ambiguities. 

The procedure starts with a synthetic wavelength 1 , which is larger than 
twice the maximum height variation of the object. The height at a certain position 
is then given by  

22
11

1z
(4.16) 

where 1  is the measured interference phase at this position. This result is 
unambiguous, but strongly disturbed by noise. Now the synthetic wavelength is 
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reduced to 2  and a new phase measurement is made. The resulting height coor-
dinate 

22
ˆ 22

2z
(4.17) 

is not unambiguous, this is indicated by the "^".  In the next step the difference 
between the result of the first measurement 1z  and the second measurement 2ẑ  is 
calculated:

21 ẑzz (4.18) 

Furthermore it is calculated which multiple of the periodic length 22  is con-
tained in the difference z  (rounded number): 

5.02
2

zfloorN
(4.19) 

The function xfloorxf  delivers the maximum integer value, which is 
smaller than x. The correct result of the second measurement is now: 

Nzz
2

ˆ 2
22

(4.20) 

This result is unambiguous as well as z1, but it has a better accuracy compared 
to 1z due to the smaller synthetic wavelength. The procedure is continued with 
smaller wavelengths as long as the resolution is below a desired value. After n it-
erations one gets the formula: 
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(4.21) 

In practice the number of measurements to reach the desired resolution should 
be as small as possible. This minimum or optimum number depends on the noise. 
Let n  be the inaccuracy in a measurement using the synthetic wavelength n .
The true height coordinate truez  lies within an interval limited by 

22

22
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max

nn
meas

nn
meas

zz

zz
(4.22) 

where measz  is the value determined by the measurement. Then the next meas-
urement with 1n  takes place. The inaccuracy of this measurement is given by 
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1n . Now the noise of the nth and the (n+1)th measurement is considered for esti-
mating the interval limits of the true height coordinate: 
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zz
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(4.23) 

The difference between the maximum possible and the minimum possible 
height coordinate is: 

22
1

1minmax
n

n
n

nzz
(4.24) 

A correct recovery of the absolute height coordinate is only possible, if follow-
ing condition is satisfied for the (n+1)th measurement: 

minmax
1

2
zzn (4.25) 

A smaller value for 21n  than minmax zz  would lead to ambiguities, be-
cause 2ˆ 11 nn Nz  as well as 21ˆ 11 nn Nz  are possible height values 
within the interval limits. The optimum period (half synthetic wavelength) is 
achieved for the equals sign. 

The combination of Eq. (4.24) and (4.25) with the equals sign results to: 

1
1 1 n

n
nn

(4.26) 

This condition determines the optimum choice of the sequence of synthetic 
wavelengths depending on each measurement’s accuracy. 

4.4 Measurement of Refractive Index Variations 

Digital HI is also used to measure refractive index variations within transparent 
media, e. g. with the set-up of figure 4.18. The expanded laser beam is divided 
into reference and object beam. The object beam passes the transparent phase ob-
ject and illuminates the CCD. The reference beam impinges directly on the CCD. 
Both beams interfere and the hologram is digitally recorded. The set-up is very 
similar to a conventional Mach-Zehnder interferometer. The difference is that the 
interference figure here is interpreted as a hologram, which can be reconstructed 
with the theory of chapter 3. Therefore all features of Digital Holography like di-
rect access to the phase or numerical re-focussing are available. 

Just like for deformation analysis two digital holograms are recorded: The first 
exposure takes place before, and the second after the refractive index change. 
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These digital holograms are reconstructed numerically. From the resulting com-
plex amplitudes ,1  and ,2  the phases are calculated by Eq. (4.1) and 
(4.2). Finally the interference phase is calculated by subtraction according to Eq. 
(4.3). 

In the reconstruction of holograms recorded by the set-up of figure 4.18 the un-
diffracted reference wave, the real image and the virtual image are lying in one 
line. The images overlap, which causes distortions. The undiffracted reference 
wave can be suppressed by filtering with the methods discussed in chapter 3.3.1. 
The overlapping of the unwanted twin image (either the virtual image if one fo-
cuses on the real image or vice versa) can be avoided by slightly tilting the refer-
ence wave, as discussed in chapter 3.3.2. In this case the images are spatially sepa-
rated.

The interferometer of figure 4.18 is sensitive to local disturbances due to imper-
fections in optical components or dust particles. The influence of these distur-
bances can be minimized if a diffusing screen is placed in front of or behind the 
phase object. In this case the unfocused twin image appears only as a diffuse 
background in the images, which does not disturb the evaluation. If a diffuser is 
introduced no additional tilting of the reference wave is necessary for image sepa-
ration. A disadvantage of using a diffuser is the generation of speckles due to the 
rough surface. 

In figure 4.19 a typical interference modulo 2  image of a transparent phase 
object is shown. The holograms are recorded with the set-up of figure 4.18 (with-
out diffuser). The object volume consists of a droplet of toluene, which is intro-
duced into the liquid phase water/ acetone. The refractive index changes are 
caused by a concentration gradient, which is induced by the mass transfer of ace-
tone into the droplet. 

Phase
object

CCD

Laser

Fig. 4.18. DHI set-up for transparent phase objects 
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Fig. 4.19. Wrapped phase of a liquid system 



5 Digital Holographic Microscopy 

5.1 Direct Method 

The depth of field of imaging systems decreases with increasing magnification. In 
microscopy the depth of field is therefore very limited due to the high magnifica-
tion. The investigation of a three dimensional object with microscopic resolution 
requires therefore certain refocusing steps. Digital Holography offers the possibil-
ity to focus on different object layers by numerical methods. In addition, the im-
ages are free of aberrations due to imperfections of optical lenses. Fundamental 
work in the field of Digital Holographic Microscopy (DHM) has been done by 
Haddad et al. [46], Kreuzer and Pawlitzek [80], Kebbel, Hartmann and Jüptner 
[65] and by Coppola et. al. [16, 17]. 

In order to obtain a high lateral resolution in the reconstructed image the object 
has to be placed near to the CCD. The necessary distance to obtain a resolution 
' with the Fresnel approximation can be estimated with Eq. (3.23): 

xN
d  ; 

yN
d (5.1) 

The apostrophe is introduced in order to decide between object distance d in the 
recording process and reconstruction distance d'. We will see that these distances 
are different for holographic microscopy. With a pixel size of mx 10 , a 
wavelength of nm500 , 1000 1000 pixels and a required resolution of 

m1  a reconstruction distance of cmd 2  results. At such short distances 
the Fresnel approximation is no longer valid. The convolution approach has to be 
applied. On the other hand the resolution of an image calculated by this approach 
is determined by the pixel size of the CCD, see Eq. (3.33). Typical pixel sizes for 
high resolution cameras are in the range of mm 1010 , too low for microscopy. 
Therefore the reconstruction procedure has to be modified. 

The lateral magnification of the holographic reconstruction can be derived from 
the holographic imaging equations, see chapter 2.6.2. According to Eq. (2.70) the 
lateral magnification of the reconstructed virtual image is: 

1
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d
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d

dM
(5.2) 
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where dr and dr' describe the distances between the source point of a spherical ref-
erence wave and the hologram plane in the recording and reconstruction process, 
respectively. 1 and 2 are the wavelengths for recording and reconstruction. The 
reconstruction distance d', i. e. the position of the reconstructed image, can be cal-
culated with Eq. (2.66): 

1

1

2

1

2 111

rr
ddd

d
(5.3) 

If the same reference wavefront is used for recording and reconstruction it fol-
lows dd . Note that d, d', dr and dr' are always counted positive in this book. 

Magnification can be introduced by changing the wavelength or the position of 
the source point of the reference wave in the reconstruction process. In Digital 
Holography the magnification can be easily introduced by changing the reference 
wave source point. If the desired magnification factor is determined, the recon-
struction distance can be calculated by combination of Eq. (5.2) and (5.3) with 

21 :

Mdd (5.4) 

To enlarge the image the source point of the reference wave needs to be placed 
at the distance 

1
111

r
r ddd
d

(5.5) 

The reference wave is now described by 

22
22exp, rrrR yyxxdiyxE

(5.6) 

where rrr dyx ,,  is the position of the reference source point in the reconstruc-
tion process. The entire process is summarized as follows: After determination of 
the desired magnification the reconstruction distance d’ is calculated with Eq. 
(5.4). Secondly the source point position dr’ of the spherical reference wave for 
reconstruction is calculated by Eq. (5.5). 

A set-up for digital holographic microscopy is shown in figure 5.1. The object 
is illuminated in transmission and the spherical reference wave is coupled into the 
set-up via a semi-transparent mirror. Reference and object wave are guided via op-
tical fibres. For weak scattering objects one can block the external reference wave 
and work with an in-line configuration. 

A digital hologram of a test target is shown in figure 5.2. The corresponding in-
tensity reconstruction is depicted in figure 5.3. The resolution is about 2.2 m.  
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CCD

fiber coupler

object

Fig. 5.1. Digital holographic microscope 

Fig. 5.2. Digital hologram 
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Fig. 5.3. Numerical reconstruction with microscopic resolution 

5.2 Phase Shifting Digital Holographic Microscopy 

Phase Shifting Digital Holography has been also applied to microscopy [172, 178, 
179]. The principle of this method is shown in the set-up of figure 5.4. A light 
beam is coupled into a Mach-Zehnder interferometer. The sample to be investi-
gated (object) is mounted in one arm of the interferometer. It is imaged onto the 
CCD target by a microscope objective (MO). A second objective is mounted in the 
reference arm in order to form a reference wavefront with the same curvature. 
Both partial waves interfere at the CCD target. An image of the sample superim-
posed by a coherent background (reference wave) is formed onto the CCD target. 

A set of phase shifted images is recorded. The phase shift is realized by a piezo 
electric transducer (PZT) in the reference arm of the interferometer. From these 
phase shifted images the complex amplitude of the object wavefront in the image 
plane can be calculated as described in chapter 3.3.3. Numerical refocusing into 
any other object plane is now possible with the Fresnel-Kirchhoff integral. 

The quality of images recorded with coherent light is in general worse than 
those recorded with incoherent light due to coherent noise. Dubois, Joannes and 
Legros developed therefore a phase shifting digital holographic microscope with 
an ordinary LED as light source [30]. The image quality improves (less speckle 
noise) due to the reduced spatial coherence of that light source compared to im-
ages generated by a laser. 
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Light source
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Fig. 5.4. Phase shifting digital holographic microscope 



6 Special Techniques and Applications 

6.1 Applications using Short Coherence Length Light 

6.1.1 Light-in-Flight Measurements 

Holographic recording of Light-in-Flight (LiF) was first proposed by Abramson 
[1-4]. He pointed out that a hologram can only image the distances in space where 
the optical path of the reference wave matches that of the object wave. The basic 
idea of LiF consists of recording a hologram of a plane object with streaking illu-
mination by a short coherence length laser, figure 6.1. For this purpose a cw Ar-
Ion laser without intracavity etalon is used. The coherence length of such laser is 
in the range of few millimeters or less. Alternatively also a picosecond pulsed dye 
laser can be used. The reference wave is guided nearly parallel to the holographic 
plate. In this way, only those parts of the object are recorded (and later recon-
structed), for which the optical path difference (OPD) between object and refer-
ence wave is smaller than the coherence length of the light source. By changing 
the observation point in the developed plate, the above condition is met for differ-
ent parts of the object, thus allowing observation of a wavefront as it evolves over 
the object. 

Digital Holography has been applied to LiF recordings by Pomarico, Schnars, 
Hartmann and Jüptner [61, 126]. The general setup of figure 3.1 can be used for 
recording LiF if a short coherence length light source is used for illuminating the 
object. In the following investigations are described, in which an Ar-Ion laser 
pumped cw dye laser (Rhodamine 6G,  = 574 nm) is used as light source. No 
frequency selecting elements are installed in the laser resonator. Therefore the 
output spectrum consists of many oscillating modes, resulting in a coherence 
length, which is determined by the LiF experiments to be 2.3 mm. 

The laser beam is divided into a plane reference wave illuminating the CCD ar-
ray and into a diverging wave illuminating the object, figure 6.2. The path differ-
ences are provided by glass plates with different but known thicknesses. The ob-
ject consists of a plane aluminum plate of 2 cm 2 cm area, the distance between 
object and CCD sensor is set to 1.67 m, and the angle of illumination  (referred 
to the normal of the object) is about 80 degrees. Furthermore, a wavelength of  = 
574nm is used and the maximum angle between object and reference wave is 
qmax = 2°. In this experiment a KODAK MEGAPLUS 4.2 camera with 2048 
2048 light sensitive elements is used as recording medium. 
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Laser

Hologram

Object

Fig. 6.1. Light-in-flight holography 

Fig. 6.2. Optical set-up for Digital LiF recording with delay lines by glass plates 

The first experiment is performed without the glass plates in the reference arm 
of the interferometer. Since the object is illuminated under an angle only a part of 
the object could be illuminated in coherence to the reference wave. The numerical 
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reconstruction of such a digitally recorded hologram shows, as expected, a bright 
stripe representing the wavefront, figure 6.3. 

Fig. 6.3. Numerically reconstructed wavefront 

Object

Illumination

n

Lw

Fig. 6.4. Geometrical considerations for calculating the coherence length 

The reconstructed image is available in a digital form and further processing is 
easy to be done. For example, the coherence length can be calculated from this 
image, figure 6.4. The width of the bright stripe (wavefront) seen at the object is 
determined from both, the coherence length of the light source, L, and the geomet-
rical conditions of the holographic set-up. If a plane reference wave is used and 
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the angle between the interfering waves is small ( 2maxq  in this example), only 
changes in the optical path due to the illumination beam have to be considered. In 
this case the bright zone at the object has a width w given by 

sinsin
Lcw (6.1) 

where  is defined in figure 6.4 and  is the coherence time. After measuring w,
Eq.(6.1) can be used to calculate the coherence length L of the light source using 
the known angle  of the incident wave. As the measurements of the width are 
disturbed by electronic and coherent noise, direct measurement of the intensity 
profile leads to errors. A good result can be achieved by low-pass filtering of the 
image and by applying the autocorrelation function to the intensity profile line. 
The width of the wavefront  measured by this procedure values to 45 pixels. The 
experimental conditions are: 

mx 9 ; md 67.1 ; nm574 ; 80
The resulting coherence length is therefore 

mmwL 3.2sin45sin (6.2) 

where Eq. (3.23) is used for calculating the image resolution .
It is also possible to apply Digital Holography to follow the evolution of a wave 

front in its “flight” over an object, as proposed in the original work of Abramson 
for conventional holography. However, because of the reduced size of the CCD 
target and the lower resolution compared to a holographic plate, only slightly dif-
ferent points of view of the wave front can be registered in each hologram. Some 
view-time expansion is also needed.  

A possible setup for this purpose, using a skew reference wave, has been pro-
posed by Pettersson et.al. [125]. Yet, this solution cannot be applied here because 
the high spatial frequencies that would be produced at the sensor are not resolv-
able. A solution to this problem is to record a hologram introducing different 
phase delays in different parts of the plane reference wave. That can be achieved 
e.g. by introducing plane-parallel plates of different thickness in the plane wave il-
luminating the CCD sensor, figure 6.2. A plate of thickness p and refraction index 
n will produce a delay t with respect to air (or the vacuum with light speed c)
given by: 

c
pnt 1 (6.3) 

That way it is possible to record at one time several holograms of the object us-
ing a corresponding number of reference waves delayed with respect to each 
other. The numerical reconstruction can be done for each part of the CCD array in 
which the phase of the reference wave has a particular delay, giving rise to the de-
sired "times of evolution" of the wave front illuminating the object. This is equiva-
lent to choose another observation point in the original LiF experiment. In this 
sense, the phase delays introduced in the different parts of the reference wave can 
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be interpreted as artificial extensions of the CCD sensor and allow a better visuali-
zation of the phenomenon. 

In the experiments 6 mm thick PMMA plates (refraction index n ~ 1.5) are used 
to produce the phase delays in the reference wave, figure 6.2. One third of the 
original plane reference wave does not travel through PMMA, the second third, il-
luminating the sensor in the middle, travels through 6 mm PMMA (representing 
10ps delay with respect to air) and the last third travels through 18mm PMMA 
(30ps delay with respect to air). The object as seen from the CCD sensor is sche-
matically sketched for better recognition of the results, figure 6.5. It consists of a 
3cm  3cm plane aluminum plate, which was painted matt white for better light 
scattering. A small plane mirror (1cm  1cm area) is attached to the plate, perpen-
dicular to its surface and at an angle of about 10 degrees away from the vertical. 

The three reconstructed stripes of the hologram, corresponding to three differ-
ent times of evolution of the wavefront illuminating the object are shown in figure 
6.6. One part of the wavefront is reflected by the mirror, the other part is traveling 
in the original direction. The three pictures can be interpreted as a slow-motion 
shot of the wavefront. As demonstrated before, quantitative results can be derived 
from these images, e.g. the speed of light. 

The minimum number of pixels required for a part of the hologram to be suc-
cessfully reconstructed limits the number of different “times of evolution” that can 
be recorded simultaneously . Furthermore, due to the borders of the plates intro-
duced in the reference wave diffraction effects cause dark zones at the CCD which 
cannot be used for numerical reconstruction. 

Mirror

Expected Wavefront

Illumination
direction

Fig. 6.5.  Object used for displaying the temporal evolution of a wave front as seen from 
the CCD sensor 
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Fig. 6.6.  The wavefront at three different times, reconstructed from one single holographic 
recording. 
Left: No delay, wavefront just reaching mirror. 
Middle: 10 ps delay, the mirror reflects one part of the wavefront. 
Right: 30 ps delay with respect to the left recording, one part is reflected into 
 the opposite direction, the other part is traveling in the original direction 

6.1.2 Short-Coherence Tomography 

The main disadvantage of introducing the path differences by glass plates with dif-
ferent thickness are the diffraction effects at the edges of the plates. Therefore this 
technique allows only a few discrete depth steps. To overcome this problem, Nils-
son and Carlsson proposed to use a blazed reflection grating for generating path 
differences [13, 101-103]. The set-up is composed of a Michelson Interferometer, 
figure 6.7, in which one mirror is replaced by the grating. The incoming beam of a 
light source with sufficient short coherence length is split into two partial beams. 
One partial beam illuminates the object and is diffusely reflected from the surface 
to the CCD. The other beam is guided to the blazed reflection grating. The grating 
retro reflects that beam back into the opposite direction to the incident beam, in-
troducing a spatially varying delay across the beam profile. Both beams interfere 
at the CCD, which records the hologram. The method can be applied to measure 
the three-dimensional object shape. This is possible because each vertical stripe of 
the hologram fulfils the coherence condition for different object depths. Recon-
structions from different hologram parts create different depth layers of the object. 

Instead of the grating in figure 6.7 it is also possible to use an ordinary mirror 
in the reference arm, see e. g. [117], which can be shifted in the direction of beam 
propagation. Digital holograms are then recorded in different mirror positions. 
Each single hologram represents another depth layer of the object and the shape 
can be calculated from the holographic reconstructions. However, there is an ad-
vantage of the setup shown in figure 6.7 using the grating: Only one recording is 
necessary to determine the whole shape. 
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Fig. 6.7. Short-coherence length tomography using a blazed grating 

6.2 Particle Distribution Measurements 

The size, the speed, and the distribution of particles within fluid or gaseous media 
are measured with optical techniques like laser-doppler-anemometry (LDA), 
phase-doppler-anemometry (PDA) or particle image velocimetry (PIV). To 
achieve the three-dimensional spatial distribution of particles also holographic 
techniques are used, see corresponding articles of Trolinger [161] or Hinsch [49]. 
However, the development of the exposed hologram (photographic plate) and the 
evaluation of the distribution of the droplets are time consuming processes. Digital 
Holography where holograms are recorded with the CCD-sensor followed by nu-
merical reconstruction of the object wave offers new alternatives. 

Digital holograms of particle distributions within transparent media can be re-
corded with the simple in-line set-up depicted in figure 6.8. A plane wave illumi-
nates the observed particles. A part of the wave is diffracted by the particles while 
the remaining part passes through the set-up without being diffracted. This part of 
the wave serves as a reference wave. The waves interfere and produce a typical 
diffraction pattern on a CCD-sensor.  
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CCDparticles
Fig. 6.8. In-line set-up 

laser
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Fig. 6.9.  Experimental set-up for recording in-line holograms from several directions with 
one CCD-sensor and deconvoluted lightpath (from [5]) 

The three-dimensional spatial distribution of small moving particles - their size 
and their position - can be detected by scanning the reconstruction distance in the 
computer: Since in numerical reconstruction the distance d may be chosen freely, 
the field can be scanned by varying d and check at which distances the particles 
are in focus. 
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The depth of focus in holographic imaging is a function of reconstruction dis-
tance d, wavelength  and the aperture of the hologram. In Digital Holography the 
aperture is the CCD. In a typical example using a CCD with 18mm  18mm area, 
a wavelength of  =692nm (pulsed ruby laser) and an average reconstruction dis-
tance of d=0.5m the focal depth is in the range 0.5mm. But due to the slow de-
crease of sharpness outside this range objects could only be detected with a posi-
tional uncertainty of about 1cm. 

In order to enhance the depth resolution, Kreis et. al. combined Digital Holo-
graphy with tomographic methods [5, 6, 77]. In tomography a manifold of projec-
tions in different directions through a scene are recorded. The three-dimensional 
distribution of the physical quantity, e.g. the attenuation of a beam passing the 
scene, is then calculated by numerical methods. 

To record simultaneously multiple in-line holograms of the particle stream an 
arrangement using a single CCD-array has been designed. After passing the parti-
cles a first time the collimated beam of a ruby pulse laser is guided by two mirrors 
to a second pass and by two further mirrors to a third pass through the stream be-
fore hitting the CCD-sensor. Fig. 6-9 shows schematically the dislocation of the 
mirrors and the deconvoluted light path. Now it is possible to extract the three 
views of the particles by three reconstructions with numerical focusing to the dif-
ferent distances. In the realized set-up the reconstruction distances are 40 cm, 65.5 
cm and 95.5 cm. 

The set-up is used to analyze the particle stream by Digital Holography and to-
mographic methods. The particles with a size of 250 µm are sprinkled manually. 
The diffracted light is recorded with a CCD-sensor which consists of 2048  2048 
light-sensitive pixels. The pixel distance is 9 µm  9 µm. The diffraction rings of 
each particle can be recognized in the recorded diffraction pattern (in-line holo-
gram), figure 6.10. The more the distance of the particles to the CCD-sensor in-
creases, the more the spacing among the concentric rings belonging to an individ-
ual particle increases as well. In addition to the diffraction rings caused by the 
particles, the image is overlapped with a pattern produced by the recording system 
itself. For protection from damage and dust, a thin glass plate covers the CCD-
sensor. If illuminated with coherent light the plate produces an interference pat-
tern. This interference pattern is even visible, if the CCD-sensor is illuminated 
with a plane wave and no particles are observed. 

The reconstructed particles are visible as dark spots without any diffraction 
rings, figure 6.11. The missing diffraction rings or at least halos show that the par-
ticles are reconstructed with the appropriate distance. The lateral resolution in the 
reconstructed images is 9µm. The measured average particle diameter is 28 pixels, 
corresponding to 261µm. 

The three reconstructed images show the particle stream from different direc-
tions. To gain a three-dimensional particle distribution from these  images, a to-
mographic method is applied, Fig. 6-12. 

From every image in figure 6.12 a line is taken and from the three lines a two-
dimensional profile through the particle stream is calculated with a method based 
on the filtered backprojection approach of tomography. If this method is applied 
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for all lines in the reconstructed images, a full three-dimensional distribution of 
the particles is achieved. 

The three back projections of one particle must be in one plane. In the crossing 
of the three stripes a particle is reconstructed. The stripes arise from the low num-
ber of views used in the tomographic evaluation. With increasing number of views 
the stripes begin to disappear. 

         
Fig. 6.10.  In-line hologram, recorded from particles with a size of 250 m at a distance of 

40 cm, 65.5 cm and 95.5 cm 

         

           
Fig. 6.11. Reconstructed particle distributions at a distance of 40cm, 65.5cm and 95.5cm. 
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Fig. 6.12. Left: Principle of tomography. From the existing images single lines are taken 
and combined to a two-dimensional distribution by methods of tomography. 
Right: Two-dimensional distribution gained from three different views. In the 
crossing of the stripes a particle is found (from [5]). 

6.3 Endoscopic Digital Holography 

Digital Holography provides the possibility to combine deformation measurement 
and surface contouring in one single set-up. For measuring the object deformation 
in the simplest case two holograms with a certain wavelength have to be recorded 
for different object states (chapter 4.2). For shape measurement the object has to 
remain unchanged while two holograms with slightly different wavelengths or 
slightly different illumination points are recorded (chapter 4.3). Thus, and due to 
the relative simple set-up this method appears to be well suited to endoscopic 
measurements. It is obvious that the requirements for an endoscopic Digital Holo-
graphy sensor are much higher than they are for a laboratory breadboard. Com-
pared to a laboratory set-up the endoscopic system has to be 

more flexible; 
robust against harsh environments;  
faster in data processing; 
very small; 
adapted to restrictions caused by the system size; 
user friendly. 
A sketch of a developed prototype system is shown in figure 6.13, while figure 

6.14 depicts a functional prototype of the sensor head. The system can be divided 
in four parts: The controlling computer, the laser and the corresponding fibre cou-
pling units, the endoscope and the sensor. 
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Fig. 6.13. Sketch of an endoscope based on Digital Holography 

Fig. 6.14. Sensor head of the endoscope (photo: BIAS) 

The sensor head has a diameter of 15 mm (current stage). For the future it is in-
tended to decrease the size to a diameter of less than 10 mm. 

The heart of the sensor is a commercial miniature CCD-camera with a 1/3’’ 
CCD-matrix. Including the housing, this camera has a diameter of 10 mm. The ob-
jective of the camera is removed to be able to record the digital holograms. Since 
the camera provides a standard video-signal the hologram can be grabbed by a 
conventional frame grabber. For the object- and the reference beam mono-mode 
glass fibres are used. Currently, a single illumination beam is utilized. This is suf-
ficient to measure the shape of the object and to measure one displacement com-
ponent – in our case the out-of-plane component. However, in the next step three 
illumination directions will be implemented to be able to perform a 3D displace-
ment measurement. 

In general every laser source with sufficient coherence length can be used for 
deformation measurements. However, the wavelength of the laser has to be tune-
able for shape measurements. Thus, to keep the whole system portable, currently a 
VCSEL laser diode is used as a light source. The wavelength for this laser diode 
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type can be tuned continuously in a range of about 8 nm. Unfortunately, VCSEL 
laser diodes have a very low output power (0.5 mW @ 760 nm for single mode 
emission). That is why this light source can only be used for highly reflecting ob-
jects.

From figure 6.13 it can be seen that the laser beam passes through a liquid crys-
tal phase shifter before it is coupled into the fibre for the reference beam. This LC 
phase shifter is used to record temporal phase shifted holograms. A simple recon-
struction without using phase shifting methods results in an image that contains 
the desired object image and additionally the twin image together with the zero 
order term. By using the method of temporal phase shifting the conjugate image as 
well as the zero order can be eliminated completely from the resulting image (see 
chapter 3.3.3). In this way the entire CCD-target can be used for the measurement, 
i.e. the full space bandwidth of the CCD can be utilized. This is of great impor-
tance, since the choice of the camera is restricted by the system size. Cameras of 
this size are only available with a limited pixel number, which makes it necessary 
to make use of the full sensor size. 

The high sensitivity of Digital Holography to object motions is also a disadvan-
tage for a system that is intended to be used outside the laboratory. Even small ob-
ject vibrations caused by environmental influences can disturb the measurement. 
The effect of those disturbances can be minimised by decreasing the time needed 
for a measurement. Thus, a high processing speed and a fast data acquisition are 
important to minimize the influence of unwanted vibrations. In order to achieve a 
high processing speed of the holograms an optimized phase-shift algorithm has 
been chosen [87]. More than six reconstructions per second are possible for holo-
grams with 512 x 512 pixels using a common PC with 1.4 GHz clock frequency. 

Another benefit of a high processing speed is the possibility to unwrap the 
phase maps of deformation measurements in real time by temporal phase unwrap-
ping [53]. In this method the total object deformation is subdivided in many meas-
urement steps in which the phase differences are smaller than 2 . By adding up 
those intermediate results, the total phase change can be obtained without any fur-
ther unwrapping. This is an important feature, since it is essential to have an un-
wrapped phase to be able to calculate the real deformation data from the phase 
map. Fig. 6.15 shows an example of such a measurement. The left image shows 
the wrapped deformation phase for a clamped coin which was loaded by heat. The 
right image shows the temporal unwrapped phase, which has been obtained by di-
viding the total deformation in 85 sub-measurements. 
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Fig. 6.15.  Wrapped deformation phase of a heat loaded coin (left) and unwrapped phase 
generated by temporal unwrapping (right) 

6.4 Optical Reconstruction of Digital Holograms 

The techniques discussed in this chapter differ from the other methods described 
in the previous chapters, because the reconstruction is performed with an optical 
set-up. A computer is just used as intermediate storage medium for digital holo-
grams. 

Liquid Crystal Displays (LCD’s) are electro-optical devices used to modulate 
light beams. Likewise they can be used as a spatial light modulator for hologra-
phy. An individual LCD cell changes its transmittance depending on the applied 
voltage. It is therefore possible to modulate the brightness of light, which passes 
the device.  

Optical hologram reconstruction with a LCD is possible e. g. with the set-up of 
figure 6.16. At first a digital hologram is recorded with a CCD-sensor, figure 
6.16(a). The hologram is stored and then transmitted to the reconstruction set-up, 
figure 6.16(b). Recording and reconstruction set-ups could be located at different 
sites. The LCD modulates the reconstruction beam with the hologram function. 
The original object wave is reconstructed due to the diffraction of the reconstruc-
tion beam at the modulated LCD. The virtual image can be observed at the posi-
tion of the original object. Usually a CCD-camera is used to record the image. Al-
ternatively it is possible to reconstruct the real image by illuminating the LCD 
with the conjugate reference wave. 

An example of such an optical reconstruction of a digitally recorded hologram 
is shown in figure 6.17(a). A digital hologram of a knight is recorded and stored. 
The image of the knight becomes visible if the LCD with the hologram mask is il-
luminated by a reconstruction wave. Optical reconstruction of two superimposed 
holograms, which are recorded in different object states results in a holographic 
interferogram, figure 6.17(b).  
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Fig. 6.16.  (a) Digital hologram recording with a CCD 
(b) Optical reconstruction with a LCD 

Instead of a LCD other electro-optical devices can be used as spatial light 
modulators, too. Recently Kreis, Aswendt und Höfling published the optical re-
construction by means of a Digital Mirror Device (DMD) [78]. A DMD is a sili-
con micromachined component, which consists of an array of tiltable aluminium 
mirrors mounted on hinges over a CMOS static random access memory (SRAM). 
Today DMD’s are available with up to 1280  1024 mirror elements. The indi-
vidually addressable mirrors can be tilted binary either –10 deg (on) or +10 deg
(off) along an axis diagonal to the micromirror. In an optical reconstruction set-up 
DMD’s are therefore operated in reflection. In contrast to LCD’s, which absorb up 
to 90% of the available light, a DMD is a reflective device yielding much more 
light. Consequently the diffraction efficiency in the hologram reconstruction is 
better compared to LCD’s. 
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A very simple device for displaying digital holograms is a computer printer. 
The high resolution of standard ink-jet or laser printers with up to 3000 dots per 
inch makes it possible to print digital holograms directly on a transparent film. 
The hologram is then reconstructed by illuminating this film with the reconstruc-
tion wave. 

            
Fig. 6.17.  (a) Optical reconstruction of a digital hologram by means of a LCD  
 (b) Optically reconstructed holographic interferogram (from [111]) 

6.5 Comparative Digital Holography 

6.5.1 Fundamentals of Comparative Holography 

The essential of interferometry is the comparison of the optical wave reflected or 
transmitted by the test object with another, known wave field. In Holographic In-
terferometry at least one of these waves is stored by a hologram. By interference 
the phase differences between the two wave fields can be measured. The phase 
differences are connected to the quantities to be determined by the geometry func-
tion of the set-up. In this way it is possible to measure e.g. shapes or deformations 
of technical objects. However, a severe restriction in conventional HI is that inter-
ference is only possible, if the microstructures of the surfaces to be compared are 
identical. The change of the surface by the exchange of the object or e.g. too high 
deformations leads to a decorrelation of the two speckle fields and the loss of the 
interference. Thus standard HI is restricted to the comparison of two states of the 
same object. 

A method to overcome this restriction is comparative interferometry [36, 100]. 
This method is based on the illumination of the two states of the test component 
with the corresponding conjugated object wave of the master object: The object 
wave of the master component acts as a coherent mask for the adaptive illumina-
tion of the test component. 
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Comparative interferometry is performed according to the following principle: 
At first a double exposure hologram of the master object is taken in the two states 
according to a specific load. The reconstruction of this double exposed hologram 
generates an interferogram. The relation between the measured interference phase 
and the displacement vector is given by Eq. (2.84): 

111111 ,,2, Sdsbzyxdyx (6.4) 

The test object is investigated in a modified set-up for comparison with the 
master: It is illuminated in the original observation direction 1b  by the recon-
structed, conjugated wave front of the master object, i.e. the real image of the mas-
ter object is projected onto the test object. It is observed in the original illumina-
tion direction 1s . This results in  

12 bs  and 12 sb (6.5) 

1122222 ,,2,,2, sbzyxdsbzyxdyx (6.6) 

Since the test object is illuminated by the conjugated wave front of the master 
the interferogram indicates the difference of the displacements between the two 
objects:

112121 ,,,,2,,, sbzyxdzyxdyxyxyx (6.7) 

6.5.2 Comparative Digital Holography 

Comparative Digital Holography is a combination of comparative holography 
with Digital Holography [111-112]. The set-up for comparative Digital Hologra-
phy follows the principle of Digital Holography and adapts the comparative 
method, figure 6.18. The digital hologram of the master object is recorded at a lo-
cation A, figure 6.18(a). The transmission of this digital hologram to a test loca-
tion B can be done by any data transfer medium, e.g. by the internet. At location B 
the hologram is fed into a Liquid Crystal Display as spatial light modulator. A la-
ser reconstructs the hologram optically. 

For the comparative holography the conjugated wavefronts of the master object 
are reconstructed and illuminate the test object, figure 6.18(b). The observation is 
done in the original illumination direction. A great advantage of comparative Digi-
tal Holography compared to conventional comparative HI is, that the holograms of 
all states can be stored and later reconstructed separately from each other. There-
fore no additional reference waves are needed for the separate coding of the dif-
ferent holograms. This characteristic of Digital Holography reduces the technical 
requirements for comparative measurements significantly. 
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Fig. 6.18.  Comparative Digital Holography (from [111]) 
(a) Recording of the mask 
(b) Coherent illumination of the test object with the conjugated wavefront of the 
      master 
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The method is demonstrated by the determination of a small dent in one of two 
macroscopically identical cylinders with cones at their upper end. The depth of the 
dent is about a few micrometers. With holographic two-wavelength contouring, 
the observed phase differences can be described by 

yxrsbyx ,2, 1111
(6.8) 

yxrsbyx ,2, 2222
(6.9) 

The indices 1 and 2 mark the master or the test object, respectively.  is the 
synthetic wavelength. The measurements are carried out with  = 0,345 mm ( 1 = 
584,12 nm  and  2 = 585,11 nm). 1r  and 2r  represent the relative height de-
flection of the master resp. the test object. Figure 6.19(a) shows the reconstructed 
intensity of the test object, while the mod2  contour lines are depicted in figure 
6.19(b). The dent is hardly to recognize. However, after holographic illumination 
of the test object with the real image of the master, the difference phase  corre-
sponds to the difference in height deflections between master and test object: 

sbyxryxryxyxyx ,,2,,, 2121
(6.10) 

This phase difference is shown in figures 6.19c (mod2 -map) and 6-18d 
(pseudo 3D-map). 

The measured phase difference distribution is quite noisy because of the large 
pixel sizes of the CCD target and the spatial light modulator (CCD: 9 m, LCD: 
29 m). In the future better optical components might be available. Nevertheless, 
the comparison of figures 6.19b with 6-19d demonstrates the advantage of com-
parative Digital Holography to measure the shape difference of two objects with 
different microstructure: in the phase difference image the dent is clearly recog-
nizable.
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(a) (b)
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Fig. 6.19.  Demonstration of comparative Digital Holography (from [112]) 
(a) Reconstructed intensity, test object 
(b) Phase contour lines, test object 
(c) Comparative phase difference, mod2 -map 
(d) Comparative phase difference, pseudo 3D-map 

6.6 Encrypting of Information with Digital Holography 

The reconstruction of objects from their holograms is only possible, if the recon-
struction wave has nearly the same properties like the reference wave used in the 
recording process. Any deviation from the original amplitude and phase distribu-
tion results in image aberrations or in total loss of the original object information. 
The reference wave used for hologram recording can be therefore regarded as a 
key to reconstruct the information coded in the hologram. This is the principle of 
information encryption by holography. 

In the following a coding method proposed by Javidi et. al. [56, 155, 156] is de-
scribed. The method is based on phase-shifting Digital Holography, see set-up in 
figure 6.20. The key for encrypting the information is a diffusely scattering screen. 
At first the key is recorded holographically. A parallel beam is split into two co-
herent partial beams at beam splitter BS1. One partial beam illuminates the screen 
from the back.  
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Fig. 6.20. Information encrypting with Digital Holography 

The scattered light is guided to the CCD via beam splitter BS2. The other beam 
is guided via BS3, mirror M3 and BS2 to the CCD. For this shutter SH1 is opened, 
shutter SH2 is closed and the object is removed. Both beams interfere at the sur-
face of the CCD. A set of four interferograms with mutual phase shifts is recorded 
by means of phase shifting devices. This can be done either by aligning the fast 
and the slow axes of optical retarders with the polarization of the incident beam 
(as shown in figure 6.20) or by other electro-optical devices like piezo electric 
driven mirrors. The complex amplitude of the plane partial wave guided via mirror 
M3 is 01 ie  in the simplest case. Consequently, it is possible to calculate the com-
plex amplitude Ki

K ea  of the wave scattered from the diffuser in the CCD plane 
by phase shifting algorithms (see also chapter 2.7.5). If four interferograms I1 to I4

with equidistant phase steps of /2 are recorded the amplitude and the phase of the 
“key” wave are determined by following equations: 

31

24arctan
II
II

K
(6.11) 
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(6.12) 

Now a hologram of the object to be encrypted is recorded. For this shutter SH1 
is closed, and shutter SH2 is opened illuminating the object via M2. The scattered 
light from the screen is now used as reference wave. Again a set of four phase 
shifted interferograms '1I  to '4I  is generated. The difference phase between the 
“key” wave phase K and the object phase 0 is determined by: 

''
''arctan
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(6.13) 

The following equation is valid for the product of the amplitudes: 
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(6.14) 

Without knowledge of ak and K it is obviously not possible to calculate the 
complex amplitude of the object wave in the CCD plane. The object can only be 
reconstructed with the numerical methods described in chapter 3, if the correct key 
is given. This key consists of amplitude and phase of the wave scattered from the 
diffuser. A second key, which has to be known for correct object decoding, too, is 
the recording distance d between diffuser and CCD. 

6.7 Synthetic Apertures 

Every part of a hologram contains the entire object information. The object can be 
reconstructed therefore from any cut-out of the hologram, the size of such a cut-
out only influences the speckle size in the reconstructed image. On the other hand 
it is also possible to synthesize a hologram from different single holograms [79]. 
A possible recording geometry with two CCD’s is depicted in figure 6.21 for a 
plane reference wave. Independent CCD-cameras are used to record the single 
holograms. A fixed phase relation between the individual holograms is ensured by 
using the same reference wave. Reconstruction of the synthesized hologram is 
possible by following methods: The single holograms are reconstructed separately 
and the resulting complex amplitudes in the image plane are coherently superim-
posed. A second possibility is to embed both single holograms in an artificial large 
hologram, where the grey values of all pixels not covered are set to zero (black). 
Such artificial hologram matrix is then reconstructed as a whole. 

The resolution of images and phase maps reconstructed from digital holograms 
depends on the recording distance d and on the effective aperture xN , see Eq. 
(3.23). However, both quantities are not independent from each other, because for 
state of the art CCD’s with pixel sizes in the range of 5 m large apertures require 
also long recording distances due to the spatial frequency limitations discussed in 
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chapter 3.4.2. Increasing the aperture size by using more than one CCD therefore 
does not automatically improve the image resolution, because the larger synthetic 
aperture requires a longer recording distance. In order to decouple recording dis-
tance and aperture size it is therefore necessary to use CCD’s with small pixel 
sizes in the range of one micron or below, which might be available in the future. 
With such devices even the highest spatial frequencies could be resolved, inde-
pendently from the recording distance. 

max

max

Reference wave

Object

CCD1

CCD2

Beamsplitter

Fig. 6.21. Aperture synthesis with two CCD’s 
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7.1 Electronic Speckle Pattern Interferometry (ESPI) 

Electronic Speckle Pattern Interferometry (ESPI) is a method, similar HI, to 
measure optical path changes caused by deformation of opaque bodies or refrac-
tive index variations within transparent media [48, 94]. In ESPI electronic devices 
(CCD's) are used to record the information. The speckle patterns which are re-
corded by an ESPI system can be considered as image plane holograms. Image 
plane holograms are holograms of focussed images. Due to the digital recording 
and processing, ESPI is designated also as Digital Speckle Pattern Interferometry
(DSPI). Another designation is TV-holography. However, instead of hologram re-
construction the speckle pattern are correlated.  

The principal set-up of an Electronic Speckle Pattern Interferometer is shown in 
figure 7.1. The object is imaged onto a camera (CCD) by a lens system. Due to the 
coherent illumination the image is a speckle pattern. According to Eq. (2.57) the 
speckle size depends on the wavelength, the image distance and the aperture di-
ameter. The speckle size should match with the resolution (pixel size) of the elec-
tronic target. This can be achieved by closing the aperture of the imaging system. 

The speckle pattern of the object surface is superimposed on the target with a 
spherical reference wave. The source point of the reference wave should be lo-
cated in the centre of the imaging lens. Due to this in-line configuration the spatial 
frequencies are resolvable by the CCD. In practice the reference wave is coupled 
into the set-up by a beam splitter (as shown in figure 7.1) or guided via an optical 
fibre, which is mounted directly in the aperture of the lens system. 

The intensity on the target is: 

ROOROR

OORRA

aaaa

iyxaiyxayxI

cos2

exp,exp,,
22

2 (7.1) 

RR ia exp  is the complex amplitude of the reference wave and OO ia exp
is the complex amplitude of the object wave in the image plane. The term 

RO  is the phase difference between reference and object wave, which var-
ies randomly from point to point. This speckle interferogram is recorded and elec-
tronically stored. 
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Laser

BS

Object

BS
TV-camera

Fig. 7.1. Electronic Speckle Pattern Interferometer 

Fig. 7.2. ESPI image 

The set-up in figure 7.1 is sensitive to out-of-plane deformations, i. e. deforma-
tions perpendicular to the object surface. A displacement of zd  corresponds to a 
phase shift of 

zd4 (7.2) 

After deformation a second speckle pattern is recorded: 
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These two speckle pattern are now subtracted: 
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The intensity of this difference image is minimal at those positions, where 
,...2,0 . The intensity reaches its maximum at those positions, where 
,...3, . The result is a pattern of dark and bright fringes, similar to a holo-

graphic interferogram. However, differences to HI are the speckle appearance of 
the fringes and the loss of the three-dimensional information in the correlation 
process. A typical ESPI subtraction pattern is shown in figure 7.2. 

As already mentioned, the set-up of figure 7.1 is only sensitive to out-of plane 
motions. In-plane displacements can be measured with the set-up of figure 7.3. 
Two plane waves illuminate the object symmetrically at the angles  to the z-
axis. The object is imaged by a camera. Again the speckle size is adapted to the 
target resolution by the aperture of the imaging system. The phase change due to 
an in-plane displacement can be derived by geometrical considerations, similar to 
the HI displacement calculations. The phase change of the upper beam is 

11
2 sbd (7.5) 

with displacement vector d . The unit vectors b , 1s  and 2s  are defined in figure 
7.3. The corresponding phase shift of the lower beam is 

22
2 sbd (7.6) 

The total phase shift is 

1211
2 ssd (7.7) 

The vector 12 ss  is parallel to the x-axis, its length is sin2 . The result for 
the total phase shift as measured by the camera is therefore: 

sin4
xd (7.8) 

By using non-symmetrical illumination, the method also becomes sensitive to 
out-of-plane displacements. 
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Fig. 7.3 In-plane sensitive speckle interferometer 

As for HI the phase cannot be determined from a single speckle pattern. The in-
terference phase has to be recovered e. g. with phase shifting methods [19, 152, 
153]. Phase shifting ESPI requires to record at least 3 speckle interferograms with 
mutual phase shifts in each state. Any of the various phase shifting methods can 
be applied. Here the algorithm with 4 recordings and unknown, but constant phase 
shift angle  is used. The equation system for the initial state is: 

3cos2
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The dependence of the intensities and amplitudes from the spatial coordinates 
(x,y) has been omitted. This equation system has following solution: 

4,1,3,2,

4,1,3,2,4,3,2,1, 33
arctan

AAAA

AAAAAAAA
RO IIII

IIIIIIII (7.10) 

For the second state also 4 phase shifted interferograms are recorded: 
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The solution is: 
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4,1,3,2,4,3,2,1, 33
arctan
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(7.12) 

The interference phase is now calculated from Eq. (7.10) and (7.12) by 
subtraction. 

Phase shifting speckle interferometry is sometimes also called Electro-Optic
Holography (EOH). 

7.2 Digital Shearography 

ESPI as well as conventional and Digital HI are very high sensitive to optical path 
changes. Displacement measurements with a resolution of up to one hundredth of 
the wavelength are possible. On the other hand this high sensitivity is also a draw-
back for applications in a rough environment, where no vibration isolation is 
available. Unwanted optical path length variations due to vibrations disturb the re-
cording process.  

Shearography [8, 51, 52, 82, 108] is an interferometric method, which brings 
the rays scattered from one point of the object yxP ,  into interference with those 
from a neighbouring point yxxP , . The distance between both points is x .
The shearing can be realized e. g. by a glass wedge, mounted in one half of the 
imaging system, figure 7.4. The object is imaged via both halfes of the aperture 
(with and without wedge). Therefore two laterally sheared images overlap at the 
recording device, see figure 7.5. 

The intensity on the target is: 

yxxyxaaaa
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(7.13) 

where yxia ,exp1  and yxxia ,exp2  are the complex amplitudes of 
the interfering waves in the image plane. As for ESPI the phase difference 

yxyxx ,,  varies randomly from point to point. This speckle inter-
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ferogram is recorded and electronically stored. Another interferogram is recorded 
for the second state B: 

yxxyxyxxyxaa
aa

yxxyxxiyxa
yxyxiyxa

yxI B
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Pointwise subtraction gives: 
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This correlation pattern is named shearogram, see typical example in fig-
ure 7.6. 

Lens

Wedge

P(x,y)

P(x+ x,y)

b

s

Fig. 7.4. Speckle shearing interferometer 
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Fig. 7.5. Image of a shearing camera 

Fig. 7.6. Shearogram 

The phase shift due to deformation in the argument of Eq. (7.15) is calculated 
as follows (see also the definition of unit vectors b and s  in figure 7.4): 

xsb
x

yxd

xsb
x

yxxdyxd

sbyxxdsbyxd

yxxyx

,2

,,2

,,2
,, (7.16) 
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A shearing interferometer is therefore sensitive to the derivative of the dis-
placement into the shear direction, in contrast to ESPI which is sensitive to the 
displacement. Shearography is relatively insensitive for rigid body motions, be-
cause xyxd ,  vanishes if the object is moved as a whole [149, 150]. A second 
property which makes a shearing interferometer less sensitive to vibrations is the 
self-reference principle: Optical path changes due to vibrations influence both par-
tial beams, which means they compensate each other to a certain degree. Shearo-
graphy is therefore suited for rough environments with low vibration isolation. 

The measurement sensitivity of a speckle shearing interferometer can be ad-
justed by varying the shearing x . This parameter is determined by the wedge 
angle in the interferometer set-up of figure 7.4. Other shearing interferometer ge-
ometries are based on a Michelson interferometer, where the mirror tilt determines 
the shearing, figure 7.7. 

The phase shifting techniques can be used also for shearography. As for ESPI a 
set of phased shifted images is recorded in each state from which the phase ac-
cording to Eq. (7.16) is calculated. 

fixed mirror

tilted
mirror

Laser

Camera

Flaw

Beam-
splitter

loading (force,
pressure, heat)

Computer evaluation

Fig. 7.7. Shearography set-up based on a Michelson interferometer 
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7.3 Digital Speckle Photography 

Digital Speckle Photography (DSP) is the electronic version of Speckle Photogra-
phy [15, 50, 83, 145, 154]. The method is used to measure in-plane displacements 
and strains. In classical Speckle Photography two speckle patterns of the same sur-
face are recorded on photographic film, e. g. with the set-up of figure 2.9. The ob-
ject suffers an in-plane deformation between the exposures. This in-plane defor-
mation is made visible as fringe pattern by pointwise illumination of the double 
exposed film with a collimated laser beam or alternatively using an optical filter-
ing set-up. In DSP the speckle patterns are recorded by a high resolution CCD-
camera, electronically stored and correlated numerically. DSP has the potential to 
measure under dynamic testing conditions, because a single recording at each load 
state is sufficient for the evaluation. Furthermore, the requirements for vibration 
isolation are much lower than for interferometric methods, because DSP works 
without reference wave. DSP is therefore an attractive tool for measurements un-
der workshop conditions. 

The sample under investigation is coherently illuminated by means of an ex-
panded laser beam. A speckle pattern of the reference state and a speckle pattern 
of the load state are recorded. The first step of the numerical evaluation procedure 
is to divide the whole image of e. g. 2024  2024 pixels into subimages, figure 
7.8. Usual sizes of these subimages are 64  64 pixels or 32  32 pixels. The cal-
culation of the local displacement vectors at each subimage is performed by a 
cross correlation function 

dxdydydxIyxIddR yxyxII ,,, 2
*

1

(7.17) 

where yxI ,1  and yxI ,2  are the intensities in the reference and in the load 
speckle pattern, respectively. The quantities xd  and yd  are the displacements of 
the subimage in x- and y-direction. Intensities are always real, i. e. the conjugate 
complex operation can be neglected. A mathematical equivalent form of Eq. 
(7.17) is: 

yxIyxIddR yxII ,,, 2
*

1
1 (7.18) 

The mean displacement vector of the evaluated subimage is given by the loca-
tion of the peak of the cross correlation function, figure 7.8. This numerical 
evaluation corresponds to the classical technique, where double exposed speckle 
photos are locally illuminated by a collimated laser beam. The full in-plane dis-
placement map of the monitored area is available after evaluation of all subi-
mages. 

The displacement field is calculated by this methods in integer numbers of one 
pixel. The accuracy is therefore only in the order of one pixel. This discrete 
evaluation is sufficient for applications where only displacements fields are to be 
measured. Strain analyses of experimental mechanics require often a higher meas-
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urement accuracy, because differences have to be calculated. The normal strains 
are e. g. given by 
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(7.19) 

The accuracy of DSP can be improved using so called subpixel algorithms, 
where the displacements are calculated on the basis of all floating point values in 
the neighborhood of the pixel with the peak location. A simple subpixel algorithm 
is given by 
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where Gi is the floating point grey level of pixel number i. The structure of this 
formula is equivalent to a "center of gravity" calculation. In practice only a few 
pixels around the peak are necessary for the subpixel evaluation. 

Fig. 7.8. Cross correlation of subimages 

7.4 Comparison of Conventional HI, ESPI and Digital HI 

Conventional Holographic Interferometry using photographic or other recording 
media, Electronic Speckle Pattern Interferometry and Digital Holographic Inter-
ferometry are different methods to measure optical path changes. In this chapter 
the differences as well as the common features of all three methods are analyzed. 

The process flow diagram of conventional real-time HI is shown in figure 7.9. 
The measurement process starts by recording of a hologram of the object in its ini-
tial state. This is the most time-consuming and costly step of the entire process: 
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The exposure, development and repositioning of a photographic plate takes typi-
cally some minutes. Other holographic recording media such as thermoplastic 
films or photorefractive crystals can be developed much faster and automated 
(some seconds for thermoplastic films, even instantaneously for photorefractive 
crystals). However, the quality and reliability of thermoplastic films is not suffi-
cient for HI applications and the information stored in photorefractive crystals 
erases in the optical reconstruction process. Once the hologram is successfully de-
veloped and replaced at its initial position the process is simple: The superposition 
of the wave field reconstructed by the hologram with the actual wave field gener-
ates a holographic interferogram. This fringe pattern is recorded by an electronic 
camera and digitally stored. In order to determine the interference phase unambi-
guously, it is necessary to generate at least three interferograms (for the same ob-
ject state) with mutual phase shifts. The interference phase is calculated from 
these phase shifted interferograms by the algorithm briefly discussed in chapter 
2.7.5. The entire process requires altogether the generation of one hologram plus 
recording of at least three interferograms in order to determine the interference 
phase. The technical effort is tremendous: A holographic set-up with interferome-
ter and laser, holographic recording media (photographic plates), laboratory 
equipment for development of holograms, a phase shifting unit and an electronic 
camera with storage device (PC) for interferogram recording are necessary. On the 
other hand the quality of interferograms generated by this method is excellent. 
Due to the size and resolution of holograms recorded on photographic plates the 
observer can choose the observation direction freely, i. e. it is possible to observe 
the object from a variety of different positions and with different depth of focus. 
This is often very helpful for NDT applications and, if the sensitivity vector has to 
be varied, in quantitative deformation measurement. 

ESPI was born from the desire to replace photographic hologram recording and 
processing by recording with electronic cameras. At the beginning of the seventi-
eth of the last century, when ESPI was invented, only analogous cameras with 
very low resolution (linepairs per millimetre) were available. Consequently, a di-
rect conversion of holographic principles to electronic recording devices was not 
possible. The basic idea of ESPI therefore was to record holograms of focussed 
images. The spatial frequencies of these image plane holograms could be adapted 
to the resolution of the cameras due to the in-line configuration. The optical recon-
struction was replaced by an image correlation (subtraction). The ESPI correlation 
patterns have some similarities to the fringes of HI, but have a speckle appearance. 
Another difference to conventional HI is the loss of the 3D-effect, because only 
image plane holograms are recorded from one observation direction. Interference 
phase measurement with ESPI require application of phase shifting methods, see 
process flow in figure 7.10. In each state at least three speckle interferograms with 
mutual phase shifts have to be recorded. The total number of electronic recordings 
to determine the interference phase is therefore at least six. Speckle interferome-
ters are commercially available. These devices can be used nearly as simple as or-
dinary cameras. 

The idea of Digital Holographic Interferometry was to record "real" holograms 
(not holograms of focussed images) by an electronic device and to transfer the op-
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tical reconstruction process into the computer. The method is characterized by fol-
lowing features: 

No wet-chemical or other processing of holograms (as for ESPI) 
From one digital hologram different object planes can be reconstructed by nu-
merical methods (numerical focussing) 
Lensless imaging, i. e. no aberrations by imaging devices 
Direct phase reconstruction, i. e. phase differences can be calculated directly 
from holograms, without interferogram generation and processing. This inter-
esting feature is only possible in DHI, conventional HI as well as ESPI need 
phase shifted interferograms (or another additional information) for phase de-
termination. The total number of recordings to get the interference phase is 
therefore only two (one per state), see process flow in figure 7.11. Even tran-
sient processes, where there is no time for recording of phase shifted interfero-
grams, can be investigated with DHI. 
DHI and phase shifting ESPI are competing techniques. ESPI is working since 

many years in real-time, i. e. the recording speed is only limited by the frame rate 
of the recording device (CCD). In addition the user sees directly an image of the 
object under investigation, while this image is only available in DHI after running 
the reconstruction algorithm. This what you see is what you get feature is helpful 
for adjustment and control purposes. On the other hand the time for running the 
DHI reconstruction algorithms has been reduced drastically in recent years due to 
the progress in computer technology. Digital holograms with 1000  1000 pixels 
can nowadays be reconstructed also nearly in real-time. 

Another slight present disadvantage of DHI is that the spatial frequency spec-
trum has to be adapted carefully to the resolution (pixel size) of the CCD. How-
ever, also the CCD technique makes progress and CCD's with further decreasing 
pixel distances may be expected in future, allowing a greater object angle cone. 
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Fig. 7.9. Process flow of real-time HI with phase shifting fringe evaluation 
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Appendices

A The Fourier Transform 

A1 Definitions 

The one-dimensional Fourier transform of the function xf  is defined as 

dxuxixfuFxf 2exp
(A1) 

The inverse one-dimensional Fourier transformation is defined as 

duuxiuFxfuF 2exp1
(A2) 

The functions xf  and uF  are called Fourier transform pair.
The two-dimensional Fourier transform of the function yxf ,  is defined as 

dxdyvyuxiyxfvuFyxf 2exp,,,
(A3) 

The corresponding inverse two-dimensional Fourier transformation is defined 
as

dudvvyuxivuFyxfvuF 2exp,,,1
(A4) 

The Fourier transformation is a powerful mathematical tool to describe and 
analyse periodic structures. If x is the time coordinate of a signal (unit: s), then u is 
the corresponding frequency (unit: Hzs1 ). In the two-dimensional case (x,y)
are often spatial coordinates (units: meter), while (u,v) are the corresponding spa-
tial frequencies (units: meter1 ).
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A2 Properties 

In the following some useful theorems about Fourier transforms are summarized. 
These formulas are written for the two-dimensional case. 

1. Linearity theorem 

vubGvuaFyxbgyxaf ,,,, (A5) 

where a and b are constants, yxfvuF ,,  and yxgvuG ,, .

2. Similarity theorem 

b
v

a
uF

ab
byaxf ,1,

(A6) 

3. Shift theorem 

vbuaivuFbyaxf 2exp,, (A7) 

4. Rayleigh's (Parseval's) theorem 

dudvvuFdxdyyxf 22 ,,
(A8) 

5. Convolution theorem 
The two-dimensional convolution of two functions yxf ,  and yxg ,  is de-
fined as 

ydxdyyxxgyxfyxgf ,,,
(A9) 

where the  denotes the convolution operation. The convolution theorem 
states that the Fourier transform of the convolution of two functions is equal to 
the product of the Fourier transforms of the individual functions: 

vuGvuFyxgyxf ,,,, (A10) 

6. Autocorrelation theorem 

2* ,,, vuFydxdyyxxfyxf
(A11) 
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7. Fourier integral theorem 

yxfyxfyxf ,,, 11 (A12) 

8. Differentiation 
Differentiation in the spatial domain corresponds to a multiplication with a lin-
ear factor in the spatial frequency domain: 

vuFviuiyxf
yx

nm
nm

,22,
(A13) 

A3 The Discrete Fourier Transform 

For numerical computations the function to be transformed is given in a dis-
crete form, i. e. xf  in Eq. (A.1) has to be replaced by the finite series kf , with 
integer numbers 1,...,1,0 Nk . The continuous variable x is now described as 
integer multiple of a sampling interval x :

xkx (A14) 

The frequency variable u is converted into a discrete variable, too: 

umu (A15) 

The discrete representation of Eq. (A.1) is then given by: 
1
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(A16) 

The maximum frequency is determined by the sampling interval in the spatial 
domain: 
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The following expression  
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(A18) 

is therefore defined as one-dimensional discrete Fourier transform (DFT). The 
inverse transformation is given by 
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Similar considerations lead to the discrete two-dimensional Fourier transform 
pair: 
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for 1,...1,0 Nm  and 1,...1,0 Nn
Here a quadratic field of sampling points is used, i. e. the number of points in 

each row is equal to that in each column. 
The computation time for a discrete Fourier transform is mainly determined by 

the number of complex multiplications. A two-dimensional DFT can be factorised 
into two one-dimensional DFT's: 
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The one-dimensional DFT can be programmed most effectively using the so 
called fast fourier transform (FFT) algorithms, invented in the 70th of the last cen-
tury by Cooley and Tookey. These algorithms make use of redundancies and re-
duce the number of multiplications for a one-dimensional DFT from 2N  to 

NN 2log2 . The FFT algorithms are not described here, it is referred to the litera-
ture [10]. 
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B Phase Transformation of a Spherical Lens 

B1 Lens Transmission Function 

The effect of an optical component with refractive index n and thickness d on the 
complex amplitude of a wave is described by a transmission function :

dni 12exp
(B1) 

This function is calculated in the following for a thin biconvex lens. Such lens 
consists of two spherical surfaces, see figure B.1. The radius of curvature of the 
left half lens is 1R , while that of the right half lens is designated 2R . Following 
sign convention is applied: As rays travel from left to right, each convex surface 
has a positive radius of curvature, while each concave surface has a negative ra-
dius of curvature. Due to this convention 2R  has a negative value. Losses due to 
reflection at the surfaces and due to absorption inside the lens are neglected; i. e. 

1 . The refractive index is constant for the entire lens. 
The lens thickness is a function of the spatial coordinates x and y: 
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According to figure B.1 it can be written: 
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and
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Neglecting the quadratic terms of 2/1  leads to:  
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Fig. B.1. Biconvex lens, top view and cross-sectional view 

This level of approximation is consistent with the parabolic approximation used 
in the Fresnel transformation. The thickness is now 
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With the lens makers equation 
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21
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of geometrical optics following lens transmission function is derived: 

22exp, yx
f

iyxL
(B9) 

The constant factor 012exp dni , which only effects the overall 
phase, has been neglected. 

B2 Correction of Aberrations 

In the following the complex amplitude of an object, which is imaged by a lens 
is calculated. The object is lying in the ,  coordinate system, the lens is lo-
cated in the (x,y) system and the image arises in the ,  system, see figure B.2. 
The object is described by the complex amplitude ,OE .

y
x '

'

z

dd
Fig. B.2. Image formation 

The complex amplitude in front of the lens is given by 
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where the Fresnel approximation is used. The complex amplitude in the image 
plane in then given by 
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A magnification of 1 and a focal distance of 2df  is used for the lens 
transmission function yxL , .

The image coordinates can be expressed in terms of the object coordinates: 

 and (B12) 

The minus signs result, because according to the laws of geometrical optics the 
image is upside down. 

The complex amplitude of the image is now 
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The wavefield in the image plane has to be multiplied therefore by a factor 

22exp,
f

iP
(B14) 

in order to generate the correct phase distribution. 
This correction factor depends on the wavelength and on the coordinates of the 

image plane. It can be neglected, if only the intensity of a wavefield has to be cal-
culated after reconstruction ( 1*PPI ). This is also valid, if the phase differ-
ence of two wavefields, which are recorded with the same wavelength, is com-
puted: 
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This is usually the case in DHI for applications in deformation analysis. How-
ever, the correction factor has to be considered, if the phase difference of two 
wavefields, which are recorded with different wavelengths, is computed. This is 
the case in multi-wavelength DHI for shape measurement.  
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